Chapter 3
3.1 Limits
The limit of a function 
Consider the function  for values of x near 2. The table below gives the values of when x is closed to 2, but not equal to 2. We can see that the closer x approaches 2 from either side, the closer  approaches 4. 
[image: ]
To express this situation, we can write. 
In general, the limit of the function  tell us what value the function is “approaching to” when  is approaching a number say  in the domain of the function. The limit of the function does not refer to f (a) (the value the function takes at.)
[image: ]
Example1: Consider the piecewise function.  Find, and 
Solution: This is a linear function with a discontinuity at. We can see that when x approaches 1,  approaches 2, so, whereas.
[image: ]
From this example we can see that.

Example 2: Find, and  in the figure below:
[image: ]                        [image: ]
Solution: We can see that when x approaches 3,  approaches 4, so. Since 3 is not in the domain of , is undefined.
From this example we can see that the limit exists at 3 even though  is undefined.
One- Sided Limits
[image: ]
[image: ]
The theorem tells us that for the limit to exist, the limit from the right has to equal the limit from the left.
Example 3:  A Function with a Jump: Findand  in the figure below:
[image: ]
Solution: As x approaches 2 from the left,  approaches 4. Therefore, 
As x approaches 2 from the right,  approaches 1. Therefore,  
 does not exist (DNE) because . (The right limit differs than the left limit)

Finding Limits Algebraically (Limits Laws)
[image: ]
Example 4: Finding Limit by Canceling Common Factors: Find .
Solution: 
Example 3: Finding Limit by Simplifying: Find .
Example 4: Finding Limit by Rationalizing: Find 
Solution:  where we have multiplied numerator and denominator by the conjugate of the numerator. This makes the numerator a difference of squares, so .  If you realize that  is a difference of squares, you have  
Example 5: The Limit of a Piecewise Function: Find if it exist, where  

Solution: Since,.
	  Since,.
Since the right and left-hand limits are equal, the limit exist, and .



Infinite Limits
[image: ]
Example 6: An Infinite Limit from the Graph: Find and 
Solution: The graph of  in figure below shows that as x approaches 1 from either side, the values of  grow arbitrarily large, so the limit does not exist and we write 
As x approaches −1 from either side, the values of  are negative grow arbitrarily large in magnitude, so the limit does not exist and we write 
[image: ]
[image: ]
[image: ]        [image: ]
Example 7: Evaluating Limits Analytically: Find , and 
Solution: since the function is positive approaching  from the positive side.
 , since the function is negative approaching  from the negative side.
 since the right limit differs from the left limit.

Limits at Infinity
[image: ] 
If  becomes arbitrarily close to a finite number L for all sufficently large positive x, then we write . We say that the limit of  as x approaches  ∞ is L. In this case the line y = L is a horizontal asymptote. The limit at negative infinity , is defined analogously and in this case the horizontal assymptore is the line y = M.
Example 8: Limits at Infinity: Find.
Solution: As the denominator becomes infinitely large, both for positive and negative numbers, the numerator tends to zero, so.
Example 9: Limits at Infinity of Rational Functions: Find.
Solution: Divide both the numerator and denominator by x raised to the highest power in the denominator, so
 .
Example 10: Infinite Limits at Infinity: Find.
Solution: .
Example 11: Limits with Absolute Values: Find 
Solution: Since ,    so  does not exist (DNE)
                 [image: ]



Your Turn:
1) Find the Following limits. If the limit does not exist (DNE) explain why.
                                           
                                             [image: ]
2) 

3) 


4)  

5)
6) 

7) Find

8) 

9)  

10) 

3.2 Continuity   
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_21b.gif]
1) Determine if each of the functions below are continuous. If not, describe the condition it does not satisfy.
  [image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_21s.gif]             [image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_21s.gif]      [image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_22s.gif]
2) Find all values of x where the piecewise function is discontinuous.



3) Find the points of discontinuity of  . Give the limit of the function at the points of discontinuity.

4) Use limit to find k such that  is continuous at x=1.

3.3 Average Rate of Change
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_30b.gif]
1) The graph below shows the percentage of households in the United State with landlines telephones for the years 2005-2009. Find the average rate of change in the percent of households with landlines between 2007 and 2009.
          [image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_31s.gif]
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_32b.gif]
2) Find the instantaneous rate of change of  at the point .
3) A company determines that the cost of manufacturing x cases of DVD is given by
 . Find (a) the average rate of change of cost per case for manufacturing between 3 and 5 cases, (b) the cost when production is increased from 4 to 5 cases, and (c) the instantaneous rate of change of cost with respect to the number of cases produced when 4 cases are produced. 

[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_33b.gif]

4) Use the alternate form to find part c of the previous problem.
3.4 Definition of the Derivative
Slope of the Secant Line
 The slope of the secant line at the point between the points  and  on the function
  is given by . This is the same expression we used on the last section to find the Average Rate of Change.
    [image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_43s_2.gif]
Slope of the Tangent line
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_43b.gif]
 This is the definition we used on the last section to find the Instantaneous Rate of Change.
1) For the graph of ,  find (a) the equation of the secant line through the points  and , and (b) the equation of the tangent line at .
The Derivative 

[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_47b.gif]

The derivative is denoted with a prime, and  is read “f -prime of x”.
The process of finding derivatives is called differentiation.
The difference quotient and the derivative have many interpretations.

[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_47b_2.gif]
The difference quotient is the same expression , if we let , and
 
There is an alternate form of the derivative
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_47b_3.gif]
2) Find the derivative of , and then find .
3) The cost in dollars of manufacturing x graphing calculator is given by
, find the rate of change of the cost when producing 100 calculators.

[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_53b.gif]
4) Find the equation of the tangent line to the graph of  at 

Existence of the Derivative
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch3_55b.gif]
[image: C:\Documents and Settings\Family\Desktop\St line gif\ch3_54s_2.gif] 




Chapter 4
4.1 Techniques for Finding Derivatives
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_2b.gif]
Constant Rule: If ,  for any real number .
Power Rule: If ,  for any real number .
Constant times a Function; If , and  exists,  for any real number .
Sum or Difference Rule: If , where  and  exist,
 .
1) Find the derivative of the following functions:
a)  . 
b) .
c) 
d) 
e) 
f) 
2) For , find all values of  where the tangent line is horizontal. 
Marginal Analysis:
The Marginal Cost , where  is the number of items, is an approximation of the cost of producing the  item.
[image: C:\Documents and Settings\Family\Desktop\St line gif\ch4_8s_2.gif]            [image: C:\Documents and Settings\Family\Desktop\St line gif\ch4_9s.gif]
5) Suppose that the total cost in hundreds of dollars to produce  thousand barrels of a beverage is given by . Approximate the cost of producing the 101st thousand barrels. Find the actual cost.

The Marginal Revenue , where  is the number of units, is an approximation of the revenue of selling the  unit.
6) If the demand function is given by , find the marginal revenue when  Recall that the demand function, defined by , relates the number of units  of an item that consumers are willing to purchase at the price . The revenue

The Marginal Profit , where  is the number of items, is an approximation of the profit of producing and selling the  item.
7) The cost of producing x items is given by , at a price of . Find the profit obtained by selling the next item, given that 500 have already sold.



4.2 Derivatives of Products and Quotients
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_16b.gif]
4) Use the product rule to find the derivative of .Compare your answer when you differentiate by expanding the function first.
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_18b.gif]
7) Use the quotient rule to find the derivative of    Compare your answer when you differentiate by simplifying the function first.
Average and Marginal Average Cost
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_20b.gif]
8) Suppose the cost is given by  Find the marginal average cost.
4.3 The Chain Rule
The chain rule is used to find derivatives of composition of functions.
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_24b.gif]
9) Write  as a composition of two functions  and  so that .
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_26b.gif]
10) Find  if 
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_27b.gif]

11) Find 
12) If, then find .
13) 
14) Find  if  .
15) Find  if  .
4.4 Derivatives of Exponential Functions
Derivative of ex
To find the derivative of f(x) = ex we will use the definition of the derivative.  





Using a law of exponents  and so the above limit becomes 


The numerator can be factored and we get 


To get an estimate of the limit above we will look at a table of values.
	
h
	


	0.1
	1.052

	0.01
	1.005

	0.001
	1.0005

	0.0001
	1.0001

	0.00001
	1.000005



This gives the formula 


1) Find the equation of the tangent line to y = ex at x = 0.

Solution:  The point on the curve y = ex at x = 0 is (0, e0) = (0,1).  The slope of the tangent line is  .  At x = 0 the slope = e0 = 1.  Thus the equation of the tangent line is y – 1 = 1(x – 0) or simplified we get y = x + 1.  
2) Find the derivative of f(x) = x2ex.  
Solution:  Using the product rule gives 



	.

In most applications the function involved is not just  but rather instead functions which have the form .  As we will see, this type of function can be differentiated using the Chain Rule.  


Suppose that y =  .  Let u = f(x).   Then y =  .  By the Chain Rule 




This result is worth emphasizing.  


3) 
 Find the derivative of .
Solution:  Using the formula in the box above we get 




Derivative of 
For any positive constant  ≠ 0

4) Find the derivative of .

Solution:   Using the formula above, 

Suppose that, The derivative will be given by 



5) Find the derivative of .
Solution:   Using the formula above, .

6) Find the derivative of each of the following functions.  



1.		2.		3.	




4.		5.		6.	



7.	 where A and c are constants.  	8.	 



9.		10.	
	7) After the introduction of a new product, the percentage of public that is aware of the product can be approximate by , where t is the time in months. Find the rate of change of the percentage of public that is	 aware of the product after 2 months.	
4.5 Derivatives of Logarithmic Functions
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_42b.gif]
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_42b_2.gif]

7) Find the derivative of .
8) Find the derivative of .
9) Find the derivative of .
10) Find the derivative of .
11) Find the derivative of .
    
[image: C:\Documents and Settings\Family\Desktop\blended gif\ch4_43b.gif]

12) Find the derivative of .
13) The cost function for q units of a certain item is .The revenue function for the same item is .
a. Find the marginal cost.
b. Find the profit function.
c. Find the profit from one more unit sold when 8 units are sold.

14) Suppose the cost is given by  Find the marginal average cost.
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image6.png
DEFINITION One-Sided Limits

1. Right-sided limit Suppose f is defined for all x near a with x > a. If f(x) is
arbitrarily close to L for all x sufficiently close to a with x > a, we write

lim f(x) = L

X—a

and say the limit of f(x) as x approaches « from the right equals L.

2. Left-sided limit Suppose f is defined for all x near ¢ with x < a. If f(x) is
arbitrarily close to L for all x sufficiently close to a with x < a, we write

lim f(x) =L

X—a

and say the limit of f(x) as x approaches a from the left equals L.




image73.wmf
  

y

=

e

p

+

p

x


oleObject33.bin

image74.png
Derivative of log, x
1
{ina)e
(The derivative of a logarithmic function is the reciprocal of the product of the variable
and the natural logarithm of the base.)

d
e [log, x] =




image75.png
Derivative of In x
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Derivative of log,|x|,log,|g(x)|,In |x], and In |g(x)|
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THEOREM Relationship Between One-Sided and Two-sided Limits
Assume f is defined for all x near a except possibly at a. Then lim f(x) = L if
and only if lim_f(x) = Land lim f(x) = L. e

x—a x—a
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Assume lim f(x) and hm g()) exist. The following properties hold, where ¢ is a
x—a X

real number, and m > 0 and n > 0 are integers.

L Sum lim [£(x) + ()] = lim f(x) + lim g(x)
2. Difference lim [f(x) — g(x)] = lim f(x) — lim g(x)
3. Constant multiple lim [ef0)] =¢ lim flx)

4. Product lim [/(x)g(x)] = [_gig‘llf(X)][\!ij}, g(x)]

5. Quotient lim

x—a

-

6. Power lim [f(x)]" = [llmf(x)]"

—a
7. Fractional power lim [f(x)]"/" = [lim f(x)]"/’",provided f(x) = 0, for
x—a x—>a

x near «, if m is even and n/m is reduced to lowest terms




image10.png
DEFINITION Infinite Limits

Suppose f is defined for all x near a. If f(x) grows arbitrarily large for all x suffi-
ciently close (but not equal) to a, we write
lim f(x) = o.
x—a
We say the limit of f(x) as x approaches a is infinity.
If f(x) is negative and grows arbitrarily large in magnitude for all x sufficiently
close (but not equal) to a , we write
lim f(x) = —o.
xX—a
In this case, we say the limit of f(x) as x approaches a is negative infinity. In both
cases, the limit does not exist.
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lim f() =
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lim f(x) = =




image12.png
DEFINITION One-Sided Infinite Limits

Suppose f is defined for all x near a with x > a. If f(x) becomes arbitrarily large
for all x sufficiently close to a with x > a, we write lim_f(x) = =

xX—a
The one-sided infinite limits lim_f(x) = —% , lim f(x) = «,and lim f(x) = —=
xX=a Xx—=a x—=a

are defined analogously.
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lim f(x) = T 70 = =
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lim f(v) = lim f(x) =
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DEFINITION  Limits at Infinity and Horizontal Asymptotes
If f(x) becomes arbitrarily close to a finite number L for all sufficiently large and positive x, then we write
tim f()= L
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11. Finding infinite limits graphically The graph of in the figure has vertical asymptotes at x = ~2 and x = 3. Find the following imits, if possibie.
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12. Finding infinite limits graphically The graph of p in the figure has vertical asymptotes at x = —2 and x = 3. Find the following limits, if possible.
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Continuity at x = ¢
A function f is continuous at x = c if the following three conditions are satisfied:

1, fle) iz defined,
2. ]i£1c Fx Rexists, and
3 tim £(x) = (e).

If fis not continuous at c, it is discontinuous there.




image19.png
h(x)





image20.png




image21.wmf
2

54      if 0

()            if 03   

6        if 3

xx

fxxx

xx

-<

ì

ï

=££

í

ï

+>

î


oleObject1.bin

image22.png
Average Rate of Change
The average rate of change of f(x) with respect to x for a function f as x changes from
atobis
£(0) = f(a)
b—a
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Instantaneous Rate of Change
The instantaneous rate of change for a function f when x = ais

i I+ 1) =5 (a)

h—0 h

>

provided this limit exists.
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Instantaneous Rate of Change (Alternate Form)
The instantaneous rate of change for a function f when x = a can be written as

. f(b) —fla)

Iim ———,

b—a b—a
provided this limit exists.
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Slope of the Tangent Line
The tangent line of the graph of y = f(x) at the point (a, f(a)) is the line through this
point having slope

VR E 0

I e/ AN

h—0 h ’

provided this limit exists. If this limit does not exist, then there is no tangent at the point.
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Derivative
The derivative of the function fat x is defined as

flx +1) = f(x)
T )

£1(x) = Jim

provided this limit exists.
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The Difference Quotient and the Derivative

Difference Quotient
fx+n) = f(x)
h

m Slope of the secant line

m Average rate of change

m Average velocity

m Average rate of change
in cost, revenue, or
profit

Derivative

. flx+h) = f(x)
lim ————
=] h
m Slope of the tangent line
= Instantaneous rate of change
= Instantaneous velocity
m Marginal cost, revenue, or
profit
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Derivative (Alternate Form)
The derivative of function fat x can be written as

oy e F(B) = f(x)
f1(x) = lim ==,

provided this limit exists.
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Equation of the Tangent Line
The tangent ling o the goaph of ¥ = F{x) a the palit {x, f{x,)) is given by the

equation

y =) = (x)(x = x,),

provided £(x) exists,
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Existence of the Derivative
The derivative exists when a function f satisfies all of the following conditions at a

point.

1. fis continuous,

2. fis smooth, and

3. fdoes not have a vertical tangent line.
The derivative does not exist when any of the following conditions are true for a function
at a point.

1. fis discontinuous,

2. fhas a sharp corner, or

3. fhas a vertical tangent line.
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Notations for the Derivative
il devivative of y = #{x) may be written in any of the following ways:

dy

, d
f(x), i E[f(x)], or D[ f(x)]
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Product Rule
I 7 {x) = wlx) - v{x), and it 0*(x) and v'(x) both¥Sxiss, then

F(x) = ulx) - v'(x) + v(x) -w'(x).

(The derivative of a product of two functions is the first function times the derivative of
the second plus the second function times the derivative of the first.)
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Quotient Rule
Il 7{x) = &l x)]v(x), if all indicated devivatives exist, and it v(x ) # 0, then
, v(x) - u'(x) —u(x) v (x)
g2 bGP

(The derivative of a quotient is the denominator times the derivative of the numerator
minus the numerator times the derivative of the denominator, all divided by the square
of the denominator.)
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Marginal Average Cost
If the total cost to manufacture x items is given by C (x), then the average cost per item
is C(x) = C(x)/x. The marginal average cost is the derivative of the average cost

tancibon, £ {8
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Composite Function

Let fand g be functions. The composite function, or composition, of g and fis the
function whose values are given by g[f(x)] for all x in the domain of fsuch that f(x)
ilin the domaulel g. (Read g(£{x)] 8 “g of Ful 573
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Chain Rule

If y is a function of u, say y = f(u), and if u is a function of x, say u = g(x), then
y = f(u) = flg(x)], and
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Chain Rule (Alternate Form)
Ity = flg(x)], then
D e o)

§lo find dhe denvative of f{g(x)], find the devivative of F(x], replace cach x with
g(x), and then multiply the result by the derivative of g(x).)
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DEFINITION Limit of a Function

Suppose the function  is defined for all x near a except possibly at a. If f(x) is
arbitrarily close to L (as close to L as we like) for all x sufficiently close (but not equal)
10 a, we write

lim f(x) = L

x—a

and say the limit of f(x) as x approaches a equals L.
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Chapter 3


 


3.1 Limits


 


The limit of a function 


 


Consider the function 


??


?


??


?


=


??


2


-


??


+


2


 


for values of 


x


 


near 2. The table below gives the values of 


??


=


??


?


??


?


 


when 


x 


is closed to 2, but not equal to 2. We can see that the closer x approaches 2 from either side, the closer 


??


?


??


?


 


approaches 4. 


 


 


To express this situation


,


 


we can write


 


lim


??


?


2


??


?


??


?


=


lim


??


?


2


??


2


-


??


+


2


=


4


. 


 


In general, the limit of the function 


??


?


??


?


 


tell us what value the function is “approaching to” when 


??


 


is approaching a 


number say 


??


=


??


 


in the domain of the function. The limit of the function 


does not refer to 


f


 


(a) (


the value the 


function takes at


 


??


=


??


.


)


 


 


Example1


: Consider the piecewise 


function


 


??


?


??


?


=


?


??


2


-


1


??


-


1


 


 


????


 


??


?


1


-


1


 


 


 


 


 


????


 


??


=


1


?


.  Find


 


lim


??


?


1


??


?


??


?


, and 


??


?


1


?


.


 


Solution: This is a linear function with a discontinuity at


 


??


=


1


. We can see that when x approaches 1, 


??


?


??


?


 


approaches 2, so


 


lim


??


?


1


??


?


??


?


=


2


, whereas


 


??


?


1


?


=


-


1


.


 


 


From this example 


we can see that


 


lim


??


?


1


??


?


??


?


 


?


??


(


1


)


.
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