Parametric Equations of Curves and Velocity Vectors

1. Draw the curve C: x = x(t), y = y(t), 1 ≤ t ≤ 8, where x(t) and y(t) are the piecewise-linear functions whose graphs are given in the figures below
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2. Draw the curve C: x = x(t), y = y(t), –2 ≤ t ≤ 2, where x(t) and y(t) are the piecewise-linear functions whose graphs are given in the figures below.

[image: image54.png]



3. Draw the curve C: x = x(t), y = y(t), 1 ≤ t ≤ 5, where x(t) and y(t) are the continuous functions whose graphs are given in the figures below.  (Plot the points at t = 0,
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4. (a) An object is at x = x(t), y = y(t) at time t for 0 ≤ t ≤ 3, where x(t) and y(t) are the piecewise linear functions whose graphs are given in figures 1 and 2.  What are the object’s velocity vector and speed for 0 < t < 1, for 1 < t < 2, and for 2 < t < 3?  (b) Draw its path in an xy-plane with equal scales on the axes with the velocity vectors on the curve at t = 0.25, t = 1.25, and t = 2.25, using the scale in the figure to measure the components.
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Ans: 
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5. An airplane is x = 300t, y = –400t, z = 3 (miles) at time t (hours) in xyz-space with the positive z-axis pointing up and the origin on the ground.  What are its vector velocity and speed in terms of t? Ans: 
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6. If P, Q, and R are points moving in xyz-space such that at a particular moment the vector velocity of P is 
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 yards per minute, the vector velocity of Q relative to P is 
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 yards per minute, and the vector velocity of R relative to Q is 
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 yards per minute, what is the velocity vector of R at that moment? Ans: 
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7. (a) At time t (minutes) for 0 ≤ t ≤ 16 a snail is at x =
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, y = sin 
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 in an xy-plane with distances measured in feet.  Generate its path in the window –0.4 ≤ x ≤ 4.4, –2.1 ≤ y ≤ 1.5 and copy it on your paper.  (b) What are the snail’s vector velocities at t = 1 and t = 9?  Draw them in your sketch, using the scales on the axes to measure their components.  (c) How much faster is the snail traveling at t = 1 than at t = 9? Ans: c) 3 times.

8. An object’s position vector in an xy-plane is R(t) = 
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 (feet) at time t (seconds) for 
–2 ≤ t ≤ 2. (a) Generate its path in the window –1 ≤ x ≤ 8, –3.5 ≤ y ≤ 2.5 and copy it on your paper. (b) The graph is a portion of the graph y = f (x) of a function of x.  What is the function? (c) Find the object’s velocity vector at t = 1 and draw it in your sketch, using the scales on the axes to measure its components.  (d) When is the object’s speed 
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 feet per second?   Ans: b) 
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9. (a) Without a grapher, graph the curve R(t) = 
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 for 0 ≤ t ≤ 2
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(b) Identify the curve and its orientation  (c) What are its x and y intercepts and at what values of t do they occur?   Ans: 
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10. An object is at (x (t), y(t), z(t)) in xyz-space at time t, where x(t), y(t), and z(t) are the differentiable functions whose graphs are in the figures below.  What is the object’s approximate speed at t = 1? Ans: 
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11. Find the exact length of the curve x = 
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. Ans: 
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12. Use your computer or calculator to find the approximate lengths of (a) x = t4 – t2, 

y = t5 – t3, –2 ≤ t ≤ 2 (b) x = t2, y = t3, z = t – 2 cost, –5
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 ≤ t ≤ 5
[image: image20.wmf]  

p

 


(c) x = t -1, y = t -1, y = t -2, z = t -3, 1≤ t ≤ 10. Ans: a) 55.09 b) 7774.17 c) 1.77

13. The figure below shows the BOWDITCH CURVE x = cos 
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, y = sin t, 


0≤ t ≤ 24
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.  Use a computer or calculator algorithm to find its approximate length.

[image: image62.png]p z (kilometers) —, _ 2(t)

LI L

(seconds)





Ans: 532.88

14. (a) Show that an object that is at x = tn, y = –t-n at time t > 0 with a positive constant n moves from left to right on the curve y = –x-1 in the figure below. (b) Find the value of n such that the object’s vector velocity at t = 1 is 
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15. Show that the ASTROID x = a cos3t, y = a sin3 t, 0 ≤ t ≤ 2
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 in the figure below has the equation 
[image: image26.wmf]  

x

2

3

+

y

2

3

=

a

2

3

. (b) Find its exact length in terms of the positive parameter a.
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Ans: 6a

16. An object is at (cos t, sin t, 
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) in xyz-space at time t seconds.  Distances are measured in meters.  (a) Explain why its path is a HELIX (spiral).  (b) Give formulas for its vector velocity and speed in terms of t.  (c) What is the exact total distance it travels for 0 ≤ t ≤ 6
[image: image28.wmf]  

p

?
Ans: b) 
[image: image29.wmf]()sin,cos,1/3,10/3

vtttm

=-

, c) 
[image: image30.wmf]210

p

.

17. An object’s coordinates in an xy-plane with distances measured in meters are x = 2 sec t, y = 2csc t for 0 < t < 
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.  (a) Show that it moves on the CROSS CURVE 
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 = 1 in the figure below (b) When it is at t = 
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? (c) What is its speed then?                                 Ans: a) 
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, b) 4m/min.
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18. At time t an object is at x = 1 + sin t, y = cos t (1 + sin) on a PIRIFORM in the figure below.  (a) Give equations in x and y for the tangent lines to the path at (1, 1) and at (1, –1).  (b) What is the object’s speed when it is at the origin? Ans: 
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 b) 0
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19. Find equation in x and y for the tangent line to x = t3 – t, y = t2 – 4t4 at t = 1.


Ans: 
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20. Give parametric equations for the tangent line to x = sin t, y = sin(2t), z = sin(3t)


 at t = 0. Ans:  
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21. A car is traveling east at 60 miles per hour when a boy throws a ball out a window with speed 10 miles per hour toward the north, relative to the car.  What are the ball’s velocity and speed relative to the ground when he lets it go?  Use an xy-plane with i pointing east.


Ans: 
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22. A passenger train is traveling 50 miles per hour toward the northeast when a ball is rolled from right to left across the aisle with the speed of one mile per hour relative to the train.  What is the ball’s velocity relative to the ground at that time?  Use an xy-plane with j pointing north.


Ans: 
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23. As an aircraft carrier is sailing northwest with a speed of 25 knots, an officer is walking from right to left across the ship with a speed of three knots relative to the ship. What is her speed relative to the water? Ans: 
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24. As you are sailing your boat directly south with a speed of ten knots, the wind gauge on your boat shows that the wind’s velocity relative to the boat is two knots toward the west.  What is the wind’s velocity relative to the stationary water?  (Use an xy-plane with j pointing north.)


Ans: 
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25. A red ant is at x = 2 + cos t, y = 2 + sin t on the circle (x –2)2 + (y – 2)2 = 1 and a black ant is at x = 2 + cos (3t –
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) on the same circle at time t.  Draw both ants’ velocity vectors at t = 
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 on the circle in separate drawings, and explain the result.


Ans: The black ant is traveling 3 times faster than the red ant in the same direction.

26. A ship is sailing with a speed of 30 knots (nautical miles per hour) at an angle 30˚ north of east in an xy-plane with i pointing east and distance measured in nautical miles.  A sailor on the boat is at x = x0 + 
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 cos (300t), y = y0 +
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 Sin (300t) at time t (hours), where (x0, y0) is a point on the boat.  (a) What is his path and how fast is he walking?  (b) What is his vector velocity at t = 1, relative to the stationary water?


Ans: a) 1 knot, b) 
[image: image47.wmf]15cos300,153sin300

-


27. At time t (hours) for 0 ≤ t ≤ 
[image: image48.wmf]  
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 a sleepwalker is at x = 2 cos t, y = cos t in an xy-plane with distances measured in miles.  (a) Generate his path and describe it.  (b) What are his maximum and minimum speeds? Ans: b) 
[image: image49.wmf]5

 at the ends, 0 at the origin.

28. Find the maximum speed on the ellipse x = a cos t, y = b sin t with 0 < b < a.  (Use the Pythagorean Theorem cos2 t = 1 – sin2 t and analyze the formula for the speed, not its derivative.)


Ans: Maximum speed a when x = 0, minimum speed b when y =0.

29. Find the intersections of the curves C1:  x = t3 + 6, y = 3t + 4 and C2: x = t2 – 3, y = 3t – 5.  (Change the parameter in C2 to u.)  Ans:
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30. At time t (hours) one airplane is at x = 300t, y = 1670t + 10t2, z = 500 + 60t in xyz space with distance measured in kilometers, and another airplane is at x = 100 + 100t, y = –80t + 1840, z = 280t.  (a) Do the planes collide?  (b) Do their paths intersect?  Is so, at what point?


Ans:  a) no, b) 
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31. At time t (seconds) one mosquito is at x = 3t – 3, y = 9(t – 1)2 in an xy-plane with distance measured in feet, and another mosquito is at x = t6, y = 2t3.  Show that the mosquitoes do not collide but their paths intersect twice. Ans: intersect at 
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