Acceleration Force and Curvature

1. The total force vector on a five-gram object moving in an xy-plane with distances measured in centimeters is 
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dynes at t seconds.  The object is at x = 1, y = 0 and its velocity vector is 
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 centimeters per second at t = 0.  Give a formula for its position vector in terms of t.
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[image: image3.wmf]34

21,

312

tt

tt

+++


2. (a) What is the curvature of the circle x = 5 + 3 cos t, y = 6 + 3 sin t? (b)What is the curvature of the circle x = 7 + 
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 cos (–2t), y = –7 + 
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 sin (–2t)? Ans: 1/3, -2

3. Consider the curve y = ln x, oriented from left to right. (a) What are its unit tangent and normal vectors at x = 1?  Draw them with the curve.  (b) What is its curvature at x = 1?  (c) What is its radius of curvature at x = 1?  (d) What is its center of curvature at x = 1?  (e) Generate the curve and the circle of curvature at x = 1 in a window with equal scales on the axes that includes the square –3 ≤ x ≤ 7, –7 ≤ y ≤ 7.


Ans: T =
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4. The curvature of a toy car’s path at point P is 2 meter –1 and when the car is at that point its acceleration vector is a = –7T + 18N meters per second2, where T and N are the unit tangent and normal vectors.  (a) How fast is the car moving when it is at P?  (b) At what rate is the car speeding up or slowing down at P? Ans: 
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5. The figure below shows an insect’s path and the tangent and normal lines to the path at a point P, where the radius of curvature is four centimeters.  When the insect is a P, it is moving six centimeters per second and is speeding up five centimeters per second.  Draw its approximate acceleration vector at that point, using the scales on the axes to measure the components.
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Ans: a =5 T -9 N
6. An arrow is moving in xyz-space with the positive z-axis pointing up and with distances measured in meters.  The arrow is at the origin at t = 0 (seconds) and its highest point is (250, 0, 490).  Give a formula for its position vector under the assumption that there is no air resistance.


Ans: R(t)=
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7. A ball is moving in xyz-space with the positive z-axis pointing up and with distances measured in feet.  The ball is at the point (3, 0, 2) at t = 0 (seconds) and its velocity vector is
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 feet per second at t = 2.  Give a formula for its position vector under the assumption that there is no air resistance.


Ans: R(t)=
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8. At t = 1 hours a boat is at (10, –10) in a horizontal xy-plane with distances measured in nautical miles and its velocity vector is
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knots (nautical miles per hour). Its acceleration vector for t≥1 is
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 knots per hour.  Where is it for t ≥ 1? Ans: R(t)=
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9. The total vector force acting on a three-gram object in an xy-plane with distances measured in centimeters is F = (6 + 9 sin t) i + (t2 – cos t) j dynes at time t (seconds).  At t = 0 the object has the velocity vector 
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 centimeters per second and is at (5, –6).  Where is it for t > 0?                    Ans: R(0) = 
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10. A ninety-six pound object is moving in xyz-space with distances measured in feet.  The total vector force acting on it at time t (seconds) is F = 
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 pounds, and it is at (3, 2, 1) and has velocity vector 
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 feet per second at t = 1.  Give formulas for its velocity and position vectors in terms of t. Ans: R(t)=
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11. What are the unit tangent and normal vectors, T and N (a) at x = 2 on the cubic
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, oriented from left to right (b) at t = 
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 on the curve x = sin t, y = t + 3 cos t.
Ans: a) T =
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The figure below shows a curve C, points P, Q, and R on it, and the centers of curvature at the three points.  Find the approximate curvature of the curve at P, Q, and R.  Then trace the curve and draw the unit tangent vectors T and N at the three points, using the scales on the axes to measure their lengths.


Ans: -2 at P, 1at Q, -2/3 at R

13. Find the curvature and radius of curvature of the ellipse x = 5 cos t, y = 3 sin t at t = 0.  Then generate the ellipse and its circle of curvature at that point, using a window with equal scales on the axes and draw them on your paper. Ans: 
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14. Find the curvature and radius of curvature of the curve 
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 at t = 1.  Then generate the curve for –2.4 ≤ t ≤ 2.4 and its circle of curvature at that point, using a window with equal scales on the axes that includes the square –3 ≤ x ≤ 6, –6 ≤ y ≤ 3, and draw them on your paper. Ans: 
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15. Find the center of curvature of the parabola 
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 – 4x at x = 2.  Then generate the parabola and its circle of curvature at that point, using a window with equal scales on the axes that includes the rectangle –12 < x < 28, –12 ≤ y ≤ 12, and draw them on your paper.


 Ans: (2, -1)

16. A 96-pound object is moving from left to right on the curve y = ex in an xy-plane with distances measured in feet.  When it is at x = 0, its speed is 6 feet per second and it is speeding up 
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 feet per second2.  What is the total vector force on it at that point? Ans: 
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17. An ant is traveling counterclockwise around the ellipse 
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 in the xy-plane with distances measured in centimeters.  When it is at (–6, 0) its vector acceleration is 
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 centimeters per second2.  What is its speed and at what rate is it speeding up or slowing down at that point? Ans: speed 8 cm/s slowing down at 4 cm/s2.

18. At a point P on an object’s path in an xy-plane with distance measured in feet, the unit tangent vector is 
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, the curvature of the path is 
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, and the object’s vector acceleration is 
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.  What is the object’s speed and at what rate is it speeding up or slowing down when it is at P? Ans: speed 6 ft/s speeding up at 4ft/s2.

19. A sixteen-pound dog has vector velocity 4j feet per second and the total vector force on it is i– 3j pounds when it reaches the origin in an xy-plane with distances measured in feet.  Find the curvature of its path at that moment. Ans: –1/8 ft -1
20. A man weighing 160 pounds is running counterclockwise around the circle x2 + y2 = 25 in an xy-plane with distances measured in feet.  When he gets to the point (3, 4), he is running five feet per second and is speeding up at the rate of ten feet per second2.  What is his acceleration vector at that point? Ans: 
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21. A toy car is traveling around the curve in the figure below.  (a) What is the curvature of its path at the point P, if the radius of the circle of curvature at P is 3/4?  (The corresponding center of curvature is shown with a dot.)   (b) The angle of inclination of the unit tangent vector at P is 
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 and the car’s vector acceleration at P is 
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 feet per second.  Approximately how fast is it going and at what rate is it speeding up or slowing down at P?  


Ans: a)
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22. When the toy car traveling around the curve in the figure above is at the point Q, its acceleration vector is –T + 2N, with T and N the unit tangent vectors at that point.  Approximately how fast is the car going and at what rate is it speeding up or slowing down at Q?  (The center of curvature at Q is shown by a dot.)


 Ans: speed 2ft/s , slowing down at 1ft/s2.

23. When the toy car traveling around the curve in the figure above is at the point R, it is neither speeding up nor slowing down and its speed is three feet per second.  Give the x- and y-components of its vector acceleration at that point.  (The center of curvature at R is shown by another dot, and the angle of inclination of the unit tangent vector at R is 
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Ans: 
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24. A ball is thrown at time t = 0 (seconds) from the point (0, 98) in an xy-plane with the positive y-axis pointing up and with distances measured in meters.  Its velocity vector at t = 0 is 
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 meters per second.  Where does its path cross the x-axis if there is no air resistance and the only force on it is gravity? Ans: x =15

25. A ten-kilogram box is dropped from an airplane at time t = 0 (seconds) when it is directly over a farmhouse.  The plane is flying toward the north at the constant speed of 100 meters per second and at the constant elevation of 490 meters.  How far from the farmhouse does the box hit the ground if the only forces on the box are the force of gravity and the force of the wind, which is 10i + 50j Newtons at time t, where i points toward the east and j points north? 

Ans: R(10) =
[image: image50.wmf]50,1250,0
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26. At time t = 0 (seconds), a rock is thrown into the air from the origin in xyz-space with the positive z-axis pointing up and distances measured in meters.  Suppose there is no air resistance and that the rock reaches its highest point at t = 1 and hits the ground at the point (31, 16, 0).  Give formulas for its coordinates in terms of t from t = 0 until it hits the ground.

Ans: R(t)=
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27. A two-thousand-kilogram car is moving in an xy-plane with distances measured in meters.  Its velocity at time t (seconds) is 
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x = 100, y = 100.  Give formulas for (a) its position vector and (b) for the total force vector on it in terms of it. Ans: 
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28. What is the curvature of x = et,  y = 2et?  Give a geometric explanation of the result. Ans: 0

29. Show that the least radius of curvature of y = ln x is 
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30. What is the maximum magnitude of the force of friction that is required to keep a car on a circular racetrack of radius 300 feet if the car weighs 3200 pounds and travels at the constant speed of 200 feet per second? Ans: 40000/3 lb.
31. Explain why a car is just as likely to skid traveling at a constant speed of 2v0 around a circular track of radius p as at the constant speed of v0​ around a circular track of radius 
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32. What is the maximum magnitude of the force required to cause an object weighting two pounds to move at the constant speed of three feet per second on the parabola y = x2 in an xy-plane with distances measured in feet? Ans: 9/8 lb.
33. Word-class jogger Rainier Schein is running in a horizontal xy-plane with distances measured in meters and with the vector j pointing north.  At one point he is running three meters per second toward the north and the total vector force on him is 36i + 160j Newtons.  He weighs 80 kilograms.  At what rate is he speeding up or slowing down at that point?  What is the curvature of his path at that point?  Is he turning right or left then? 


Ans: speeding up at 2 m/s2,
[image: image57.wmf]1/20
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34. A boy throws a ball at an angle of 45˚ with the horizontal and with an initial speed of 30 feet per second toward a building 35 feet away.  The ball leaves the boy’s hand from three feet above the ground.  (a) Will the ball reach the building if there is no air resistance?  If so, when?  (b) Will the ball reach the building if there is air resistance?  If so, when?  If not, why not? 


Ans: a) x = 30.9 ft, no.

35. A cannon with muzzle velocity M feet per second is fired at an angle 
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 with the horizontal 
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.  Suppose there is no air resistance.  (a) What is the range of the cannon?  (b) What angle 
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 gives the maximum range?  (c) Find two angles of fire such that if the muzzle velocity is 2000 feet per second a shell form the cannon hits the ground 62,500 feet away.  (Use the trigonometric identity 2 sin 
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Ans: a)
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36. A baseball player throws a ball with an initial speed of 60 feet per second from a height of four feet above the ground and at an angle of 30˚ with the horizontal.  How high does it go and at what distance does it hit the ground if there is no air resistance?


Ans: a) 289/16 ft, b) 
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