Lines and Planes in Space

1. Which of the following statements are true and which are false for all lines and planes in xyz-space: (a) Two lines parallel to a third line are parallel.  (b) Two lines perpendicular to a third line are parallel.  (c) Two planes parallel to a third plane are parallel.  (d) Two planes perpendicular to a third plane are parallel.  (e) Two lines parallel to a plane are parallel. (f) Two lines perpendicular to a plane are parallel.  (g) Two planes parallel to a line are parallel.  (h) Two planes perpendicular to a line are parallel.  (i) Two lines are either parallel or intersect.  (j) Two planes either are parallel or intersect.  (k) A line and a plane either are parallel or intersect.  (l) Two non-parallel lines either intersect or there are parallel planes that contain them.

Ans: T,F,T,F,F,T,F,T,F,T,T,T

2. Give equations of (a) the line through (5, 6, 7) and parallel to the line x = 4, y = 6 – t, z = 9 + 2t, (b) the line through the origin and perpendicular to the plane 3x – 4y + 5z – 18 = 0 

Ans: a) 
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3. Find the plane through (10, 5, 0) and perpendicular to the line x = 3 + t, y = 4 – 2t,

 z = 3t. Ans: 
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4. Give (a) parametric equations of the line through (6, 0, –3) and parallel to the planes 2x – 4y = 7 and 3y + 5z = 0, (b) an equation for the plane through (0, 1, 0) and parallel to i + j and to j – k,  (c) an equation for the plane through (5, -1, -2) and perpendicular to the planes y – z = 4 and x + z = 3, (d) an equation for the plane through (2, 0, 0) and perpendicular to the planes z = 4 and x + y + z = 0, (e) and equation for the plane through (2, 2, 4), (5, 6, 4), and (1, 3, 5), (f) an equation for the plane through (1, 2, 3) and parallel to the plane 4x – y + 3z = 0 (g) an equation for the plane through the origin and parallel to the plane 3x – y + z = 1000.

Ans: a) 
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d) 
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f) 
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5. Give two unit vectors perpendicular to 
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.  Ans: a) 
[image: image13.wmf]1,3,13

179

--

±

  
6. For what values of the constant 
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 is the determinant 
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 equal to –78?  Ans: -1

7. How are the constants a and b related if 
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x = 2t, y = t, z = –t? 






Ans: 2a + b =1

8. How are the numbers a and b related if 
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a

,

b

,

5

 is parallel to the plane 4x – 2y + z = 5?

Ans: 4a - 2b +5= 0

9. What are the numbers a and b if 
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Ans: a =20, b = -10

10. What are the numbers b and c if 
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? Ans:  b =6, c=10

11. Find the areas of the triangle with vertices P = (2, 1, 0), Q = (3, 4, 5), R = (6, 1, 2). 

Ans: 
[image: image21.wmf]126

 

12. One vertex of a parallelepiped is P = (–1, 2, –3) and the three adjacent vertices are 

Q = (–1, –1, –3), R = (5, 3, –3), and S = (4, 2, 0).  (a) What is the vertex T opposite P?  (b) What is the volume of the parallelepiped? Ans: a) T = (10,0,0) b) 91

13. Find the volumes of the tetrahedron with vertices (1, 2, 3), (2, 1, 4), (6, 0, 2), (4, 4, 4), 
Ans: 4 

14. Find an equation of each of the following planes and then show how it relates to the coordinates axes by drawing a triangular or rectangular portion of it that includes its intercepts:  (a) the plane with x-intercept 2, y-intercept 3, and z-intercept 5, (b) the plane parallel to the x-axis with y-intercept 5 and z-intercept 2, (c) the plane parallel to the yz-plane with x-intercept 10. Ans: y/2+y/3+z/5 = 1, b) y/5+z/2 =1, c) x=10

15. Find the point where the lines L1: x = 2t, y = 3 – t, z = –2 + 4t and L2: x = 4 + t, y = 1 + 2t,

z = 6 intersect.  (Replace t by s in the second set of equations and solve for t and s.) Ans:(4,1,6)

16.  Show that the lines L1: x = 2 – t, y = 3 + t, z = 4 – 2t and L2: x = –3 + t, y = –1 + 2t, 

z = 9 – 3t intersect at (0, 5, 0).  (b) Give an equation for the plane that contains the lines in (a). Ans: b) 
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17. Find the distance from (2, 4 –1) to the plane z = 2x + y + 3. Ans:  
[image: image23.wmf]26


18. Find the distance between the planes 2x + 2y + z = 5 and 2x + 2y + z = 25. Ans: 20/3

19. Give a nonzero normal vector to the line 4x – 3y = 10 in an xy-plane and the distance from the line to the origin.  (b) Give a nonzero normal vector to the line y = 3x + 4 in an xy-plane and the distance from the line point (–5, 10). Ans: a) 
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20. Find the distance between the lines 2x + 5y = 4 and 2x + 5y = 5 in a xy-plane. Ans:
[image: image26.wmf]1/29


21. Find the value(s) of the constant c such that the planes 2x + 3y + cz = 4 and
 2x + 3y + cz = 11 are one unit apart. Ans: 
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22. Show that L1: x = 3 + 2t, y = 6 + t, z = 4 + 3t and L2: x = –1 + 4t, y = 4 + 2t, z = –2 + 6t are the same line.  

23. Give parametric equations of the line that passes through the origin and through the intersection of the lines L1: x = 3 + 2t, y = –4t, z = –3 + t and L2: x = 3 + 10t, y = –25 + 5t, 

z = 4 – 2t. Ans:
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24. Give parametric equations of the line that is perpendicular to the lines L1: x = 3 + 2t,            y = –4t, z = 6 + 2t and L2: x = 2 – t, y = 3 + 2t, z = 7 – 3t and passes through their point of intersection. Ans:
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25. What are the distances (a) between the lines L1: x = 2 – t, y = 3 + 4t, z = 2t and
 L2 : x = –1 + t, y = 2, z = –1 + 2t. Ans:
[image: image30.wmf]6


26. If the line L: x = t, y = 1 + 2t, z = –3 + 3t and the plane 3x + 2y – z = 4 are parallel, find the distance between them.  If not, find their point of intersection. Ans: 
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27. Use calculus to find the minimum distance from the point (1, 2, 3) to the line L: x = –1 + 2t, y = 2 + t, z = 2 + 3t.  (Minimize the square f (t) of the distance between (1, 2, 3) and 

(–1 + 2t, 2 + t, 2 + 3t). Ans:
[image: image32.wmf]3/2


28. (a) Show that the line L: x = 2t – 3, y = 4t – 2, z = 6 is parallel to the plane 2x – y + z = 0.

(b) Give an equation of the plane parallel to 2x – y + z = 0 that contains the line L.

Ans: b) 
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