I ntegrating Functions of Several Variables

16.1 The Definite Integral of a Function of Two Variables

Considerz=f (x, y) continuous on a bounded regiBron thex-y plane. If we divideR into n sub-regions
R; ...R, of areas\A,...AA, respectively, with each sub regi®acontaining the poin®y (X, V),

lim,,_, 0o Xheq f (X, Vi )AA, = fRf(x, y)dA, wheredA can bedxdyor dydxin the Cartesian coordinate system.

f:f(x) dx is the area under the curye f (X) in [a, b, and iff (x) = 1,f;f(x) dx is the lengthd, b. If we
extend this concept one dimension, we canf§ay¥df (x,y)d A is the volume under the surface
z=f(x,y) inthe rectangled, i x [c, d, and ifz=f (x, }) = 1,[: fcdf (x,y)d A is the area of the rectangle.

Average Value of a Function

If f (X, ) is piecewise continuous in a bounded redramith piecewise smooth boundary,
thenfz,e = ﬁfRf(xfy)dA-

eg 1l The table below gives the valuezof f (X, y). Ris the rectangle £ x< 1.2, 2<y < 2.4. Find the Riemann
sums which are a reasonable under and over-ess'rimtg f(x,y)dA. with Ax = 0.1 andAy = 0.2. Find the
average value dfin R.

y/x |10 |11 ] 1.2
20 | 5 7 10
22 | 4 6 8
24 | 3 5 4

ForAx = 0.1Ay = 0.2, the over-estimate will be the sum of theaasf each square times the largest value the
function takes at any of the corners any sub-rgpganSinceAx = 0.1x Ay = 0.2, the area of each square will
beAx Ay = 0.02. The upper sum will be 0.02(7+6+10+8) 620The lower sum will be 0.02(4+3+6+4) = 0.34
ForAx=0.1Ay = 0.2, we can say that O.34fR<f(x, y)dA < 0.62.

0.34+0.62 — 0.48.

We can get a better estimate if we average thestwmus, orfR flx,y)dA=
1 fRf(x,y)dA _ 048

The average value of the function will fig, = — = oD0n =

eg 2 The figure below shows the contourd @f, y) on a squar& UsingAx = Ay :%, find Riemann sums
which are reasonable over and under-estimatﬁRfﬁ(x, y)dA. Repeat the same problem usithg=Ay = 1

YA

{ / 0"




ForAx=Ay = % the over-estimate will be the sum of the areaawh square times the largest value the function
takes at any of the corners of that sub-rectaniflere start counterclockwise with the square a0 an over-
estimate of the integral will bie(lz.8 +10.8+ 12 + 17) = 13.15.

ForAx=Ay = % the under-estimate will be the sum of the are@ach square times the smallest value the
function takes at any of the corners of that sudbarggle. If we start counterclockwise with the aguat (0, 0),

an under-estimate of the integral wiII%)EQB +7+9.8+10.8) = 9.35.
_ _1
ForAx = Ay =, we can say that 9.35K f(x,y)dA< 13.15.
We can get a better estimate if we average thestwus, orfRf(x, y)dA = @ = 11.25.

If we used the value of the function at the ceiftére squares, we obtair(lB +11+9.8+10.8) = 11.15.
For Ax = Ay = 1, the over-estimate will be 17 and an underrede 7. If we average the two values, we get
[ f G, y)dA= " =12,

2

Homework 16.1

1. Approximate the Riemann sum fﬁ{M(x, y)dA in 0< x <4, (< y <4 using four partitions as shown in

the figure below. Ans: 312
2. Approximate the Riemann sum ff;{N(x, y)dA in 0< x <40, Xy <40 using one partitions as shown in
the figure below. Ans: 8480
y Y
4

1
1
1
1
1
1

2 -+ T 10 20 30 40 z
Level curves of M(z, y) Level curves of N(z,y)

3. Table below gives the values of the functR(x, y). Find an over and underestimatef}gP(x, y)dA to
approximate the integral irkk <6, 0<y <2 by using four partitions

yIx|0 | 3|6
0 |3|4]|6
1 (4|57
2 |57 10

Ans: Over 87; under 48; estimate 67.5



16.2 lterated I ntegrals

Iterated | ntegrals over Rectangular Regions
If 1 is an iterated integrals over a rectangular redioam integration can be switched.

Fubini’'s Theorem:
If f (x,y) is continuous in the rectandgRe= {(x, y) |a<x<b, c<y<d}, then

I=J fGy)dA = [} [* fGoy)dydx = [ [7 f(x,y)dxdy.

1,2 1 3, y= 1 8 11
a3 fy J, (+ y)dydx = [ (xy + D)) Z0dx = [ (2x +)dx = —.

2 1 2 x? = 2.1 11
Iy Jy e+ yDdxdy = [[G+y*0liSdy = [[G+y*)dy ==

eg 4 The figure below shows the contourd @, y) =x* + Y. UsingAx = Ay = 1, estimate
I =/ (x,¥)dAby finding the average of an over-estimate and edgmate of the integral for
0<x,y<3. Repeat the problem by evaluating the integral.

Exact will bef [(x? +y?) dxdy = [ 9 + 3y*dy = 54.

The over-estimate will be 1(3+ 6 + 10 + 13 + 9+ 60 +13 + 18) = 91.
The under-estimate willbe 1(0+2+5+ 6 + 3+ 2+ 6 +9) = 30.

The average will béRf(x, y)dA =~ 60.5 with relative error in 12%

eg5 | 12 Jy (xcos(xy))dxdy has to be integrated by parts.
Letu =x, du=dx dv=cogxy); v = sin(xy)/y.

So [}y (xcos(xy))dxdy = [ CsinGey)) [§ - f, (sin(xy)/y)dx)dy =

flz(g sin(my) + y_12 cos(my) — %)dy = flzgsin(ny) dy + flz %cos(ny) dy — flz %dy.
If we integrate by parts the first integral withe i; du=-— y_12 ; dv = sin(my) dy; and
v = —cos(my) /m, the integral becomes

—%cos(ny) |2 — flzj%cos(ny) dy + ff%cos(ny) dy + % |2 = -2.

This integral will be easier to compute if we switbe integrals.



f f (xcos(xy))dydx = f sin(xy)|5=y 2dx = fn(sin(Zx) — sin(x))dx = =2

Iterated I ntegrals over General Regions

In general, the limits of integration do not neede over rectangular regions. Since an integralfunction of
its limits, the inside integral should be a funotaf the outside variable of integration.

Typel
If the region of integration in they plan is bounded above ly{x) = g»(x) and below by(x) = gi(X) in

a<x<b, the double integral will b, f(x,y)dA = [, f;zf’? £ (x,y)dydx
eg 6 Find the area betwegre sin(x) andy = coqx) in 0<x<m/4.

f”/4 fcos(x) dydx f *(cos(x) — sin(x))dx = sin(x) + cos(x)|~* = V2 — 1.

sin(x)

eq7 Evaluateff e**dA whereR is the triangle (0, 0), (1, 0), (1, 1). Since thgion is bounded above by

y(X) =x and below by = 0in 0 <x< 1. The integral becomf%sf e** dydx = f xeX dx = e |(1) (921)

Typell
If the region of integration in they plane is bounded at the right kiy) = hx(y) and at the

left by x(y) = hu(y) in ¢ <y < d, the double integral will b, f(x,y)dA = [* f:z(@)) £Cx, y)dxdy
1Y

eq8 ConsiderfR ydA where R area bounded py=+vx,y =2 —xandy=0

A type Il integral will be only one.fo1 fyzz_y ydxdy = fol(Zy —y2—y3dy = % whereas a type | integral will
. 1 ~/x 2 ;2-
be two double integralfy [ ydydx + [, [, ydydx.

eg9 Find fR (2y)dA whereR is bounded by = x* andy = vx. If we use a Type | integral, the region is

bounded above by(x) = vx and below by(x) =x?in 0 <x < 1. The integral then becomes
1 1 3

\/E X
) 5 @yydydx = [ 2 Fdx = [](x - x*)dx = (5 _ E) =2

If we use a Type Il integral, the region is boundéthe right by(y) = ﬁ and at the left by



x(y) =y*in 0 <y < 1. The integral then becomﬁ%ff(Zy)dxdy = fol(ny)l;/gdy =
[y (2y3% = 2y®ydy = (3-3) = =

€910 Find [, x*dA whereRis bounded bxy=4 andy =x,y=0,x = 4.

If we use a type | integral, we need two doublegnals.

foz foxxzdydx + f: f:/xxz dydx = foz x3 dx + f: 4xdx = 28.
If we use a type Il integral, we need also two deultegrals.
fol f; x% dxdy + flz f;/y x? dxdy = 28.

Reversing the Order of Integration
Sometimes it is easier to reverse the order ofmateon to make the integration easier.

egll To evaluaté f N dydx we need the trig substitutign= tan (9). The integral then becomes
arctan(4) 2 6= Arctan(a)

f f xsec(@)]d@dxj [xIn(sec(@) + tan(0)) |9;A:zt22(x2)dx =
Arctan(x?) 0

. J2xin(V17 + 4 —Vx* + 1 — x?) dx. This type | integral is very complicated. Angiler integral is found if
we change the order of integration and make tregymat a Type |l integral.

If we plot the region of integration, we obtﬁdnf ZJ_d ydx = [ f‘/_Jx_dxdy = f: 2J131+_3ﬂdy =
5(\/_ - 1).

eql? f01 f:yexzdxdy cannot be evaluated as it is. If we change tHerasf integration, by plotting the region
of integration, we obtain

2
f fx/ge dydx = f3xe3 dx = &0,

eg . If we wséype | integral,



ln(z)

folfx 14x2 d dx_f ( e )dx—tan_l(l)_

1+x2 1+x2

If we use a type Il integrafb1 Oy T ~1(y)dy. If we then integrate by parts, we obtain

y _n_ln(z)
f01+y Y =3 2

[y tan " ()dy = ytan" ()|} —

Volumes Between Two Surfaces

The volume between the surfagg.,m = g(x,y) andz.,, = h(x,y) can be given by
I I & (Ztop — Zbottom)dA, wheredAis eitherdxdyor dydx.

egq 14 Find the volume bounded by the planey +z= 1 in the first octant.
Sincezy, = 1 —x —y andzypreom = 0, fol fxl_x(l —x —y)dydx = %.

eg 15 Find the volume bounded by the circular cylindefs- y* = 1 and + 7 = 1.

First octant view of the volume Volume

If we letR be the circle¢ +y* = 1 withz,,,, = V1 — x2 andz,oeeom = —V1 — x2, the integral for the volume

becomes " fﬂ(\/l—xz (- Vl—xz))dydx—f (2\/1—x)y| Wd =4f_11(1—x2)dx=

8 fol(l —x%)dx = %



eg 16 Find the volume in the first octant of the patafmbf (x, y) = 2 —x* —y~.

vz 2_xz(Z—xz—yz)dydx— (2—x2)\/ _ () x) dx =2 ﬁ\/Z—xz 3 dx.
0 0 370
If we apply the trig substitution,
8 /2 /28 1+ 260 /22 1+ 460
21y % costan = [ 2 (- 20y2a = [*2(1 + 2c0s 20 + (F220)) a6 =

3(t9+srr129+ 112 = /2.

sm46)
We can also find volumes of solids by integratingrathe projection on thez plane.

If the region R is on thezplane, the integral becomﬁjR (h(x,z) — g(x,2))dA , wheredAis eitherdxdzor
dzdx See picture below. Refer to homework problem 13.

Projection on
the xz-plane

We can also find volumes of solids by integratingrathe projection on thgz plane.

If the region R is on thgzplane, the integral becomﬁg(R (h(y,z) — g(y,z))dA , wheredAis eitherdydzor
dzdy See picture below. Refer to homework problem 14.

Projection on
the yz-plane



Homework 16.2

1 [ [ (1+x*y*dxdy  Ans: 20/9

2. fomz f01 xe™ dxdy Ans:ll_:z12

3. f13 fol ety dxdy Ansie—e" —¢& +¢!
4. fol f\%xzy dydx Ans: -1/40

5. fol f: xysinx dxdy Ans:n/2

6. Find the average value ftk ,}))=x*y* in the rectangle Ox <1, (< y <2.
Ans: 4/9

7. EvaIuatefRf(x, y)dydx for f(x ,})=10x"y whereR is the triangle with vertices (0,0),(0,2)(1,1).
Ans: 2/3

8. Evaluatef, f(x,y)dxdy forf(x y)=4x’y whereR is bounded by =* andy = 2x.
Ans: 64/3

9. EvaluatefRf(x, y)dxdy forf(x )= y’cos§) whereR is bounded by = y* and the liney = 0 andx=x.
Ans: -2/3

10.Reverse the order of integration to evaluf%"té; e ** dxdy

Ans:%(l —e716)

11.Find the volume of the tetrahedron bounded by doatd planes and the plane with =1;yin: = 1 and
Znt=1. Ans: 1/6

12.Find the volume of the solid bounded by the plaw#s y=0, 2+2y+z=2and &+4y —z=4. Ans: 1

13.Find the volume of the solid boundedysyx*+Z* and the plang =—3 for (x,2) in the rectangle=0, x=4,
z=0,z=5. Ans: 1000/3

14.Find the volume of the solid between the surfasesz andx= Z +2 for {y,2) in the rectanglg=0, y=4,
z=0,z=1. Ans: 32/3



16.4 Doublelntegralsin Polar Coordinates

Any point X, y) in R? can be expressed in Polar Coordinate@a8), where r = /x2 + y2;
tan(f@) = =;x = rcos(0); y = rsin(0) are the transformations equations. The areaeopdtar functiornr(6),

with a smgle integral, is given Area=- fb 2deg.

eg 17 Find the area of the cardioid= 1 + cos 6.

Area = %fozn(l + cos 0)?df. = %fozn(l + 2 cos 0 + cos?6)do. = (9 + 2 sin(0) + + Sm(zg)) o= 32”.
The area of the polar functietif), with a double integral, is given by
Area = [ f(x,y)dA = f:lz f:lz rdrd6 where the element of area dA = rdrd6.
eq 18 Find the area, using double integrals, for thevimus problem.
__(2m pl+cos6 27 (1+cos 6)? 3
Area—f0 fo dde—f Tde_?
eg 19 Find the area outside the circle 2 and inside the cardioid= 2 + 209

2
Area = fiz/zz f22+2c056 rdrdf = an/z (w 2 )dQ = fn/2(8 cos(8) + 4cos?(0))do =

/2
j (8cos(0) + 2(1 + cos(260)))d6 =8+ m
0
eg 20 Evaluate the volume in the first octant of thegbatoidf (x, y) = 2 —x* —y?.
If we use polar coordinatel,= fO"/z ff(z r2)rdrdf = f"/z 2 |‘/—d9 = f”/z 1d6 = /2.

eg 21 Evaluatefo2 Jy 2 Xt y? dydx.

Since there is circular symmetry, we can changéntiegral to polar coordinates. Singe= vV2x — x2 or
X% +y* = 2x, is the semicircle with center (1, 0) and radius £ 2 cos(0) in 0 <6 <m/2. The integral

3
becomesf”/z fZCOS(G) rdrdd = fn/z 8(c050) do = 9

eq 22 Find the volume in the first octant betweénr y* = 9 andx + z = 3.




In Cartesian Coordinates the integral becoy‘gef% (3 — x)dydx. If we change to polar coordinates, we
271

havef0 fo (3 —rcos@)rdrdf === —9.

Homework: 16.4

1. Use polar coordinates to evaluate jh,fg-z ydxdy whereR is the region bonded by the upper half of

the cardioidr =1+cosf) and thex-axis. Ans: 4/3
What is the area inside one leaf of the rose ce22(®)? Ans:/3

3. Use polar coordinates to evaluate jhﬁR xydxdy whereR is the region bonded by the semicircle
= Vx — x? and thex-axis. Ans: 1/24
4. Evaluate thef [, (x? + y?)2dxdy with R={(xy): 2<x°+y’<4}.  Ansi/4

. 4n/ 3| 5secd
5. Flndthevalueofjgﬂl4 s

N

sin’> B.dr do by first switching it from polar to rectangular

coordinates. Ans:6—25 (3\/5 +1)

1/ 4 (2 cos8 r2 J'311/4 4cs(6 g

: dr d6 and (b) r°sin®> @dr doare given in
sec®  1+r sin®

polar coordlnates Rewrite them as iterated irtlsgn rectangular coordinates.

Ans: thﬂ VY Ijm “X2+ y o, II (X*+ y?) y* dx dy

1+y

6. The integrals (a)f

Applications of doubleintegrals:
Average Value of a Function

Iff(x,yis piecewise continuous in a bounded redromith piecewise smooth boundary,
f(xy)dA

thenfave = f f(x y)dA %

eg23 Find the average valuefofx, y) = 2ye¥’in0 < x < 1,0 <y < x.

Five = N fnyeyzdydx _ (e-2)

ave — folfoﬁdydx = 2/3

Centroids (Center of Mass)

The momeniM (also called first moment) is definedMs= mr wheremis the mass andis moment arm
(distance from the particle to the axis). Forscokte system of particles of magsIn one dimension, the

moment about the origin is given byy = Z m; x; SO the center of mass will be

f=M/Zmi =Zmixi/zmi |



In two dimensions, the moment about the axis ismivy M, = },;m; y; and M, = ¥, m; x;

so the center of mass will bee= % = Zimi xi/zl- m; and _')_/ = % = Zimi yi/zimi

For a one dimension continuous system with massityg(tinear)p, the center of mass will be

My _ [ pxdx [pxdx _ [xdx

;_fpdx [pdx ~ [dx”

For a two dimensions thin plate with a uniform (stamt) mass (area) densitypounded by the function
f (X) —g (x), the center of mass will be

X = . If the mass density is uniform (constart)-

yz_ﬁmW@w&mﬂmd,_ﬂ_jﬁdﬁmw%mw
m [ p(f(x)-g(x))dx Y= m  [p(f0)-g(x))dx

X

eg 24 Find the centroid of the triangular lamina bouhdgy = 2, y = 0,x = 1 with uniform density @mcnt.

1 1,01
My _ 5 3x[2x—0]dx —2..nd 5= My _ 7 Jo 31(2x)%~0%]ax _2
m Jy 32x)dx 3’ m J) 3(2x)ax 3

X

For a two dimensional thin plate with non-uniformaijable) mass densip(x, y).

My _ [Jxp(xy)da __ My _ [[yp(xy)da
m = Jfpaa A4V == T paa

X

eg 25 Find the centroid of the triangular lamina witgrtices (0, 0), (1, 0) and (0, 1) with mass density
p(x,y) = xy kg/m?.
xX= % = f011f011_—xxx2_y dydx = E and }_7 = & = —follfol;—xxxyz_dydx = E

Jo Jo “xydyax 5 m [ xydydx 5
eg 26 Find the centroid of a lamina shaped in the fofra quarter circle or radius 1 with density prdjmoral
to the distance from the center of a circle. Bseaaf the symmetry = y. Sincep = k\/x? + y? , if we use
polar coordinates,
_ [ [xpxy)dA _ [[kx?+y2dA f:/z folrcos(e)rrdrde

x=y= = = = ==
Y JJpaa JTkyx?+y?aa w2 [t rrara6 T 2m

3 f::/Z(:oi(G)dg E

Moments of | nertia of Plane Area

The moment of inerti& (also called second moment) is definedias mr* wheremis the mass andis

moment arm (distance from the particle to the axid)e moment of inertia of a plane area about@ralates
the angular acceleration about the axis to theefowisting the plane area (torque). The momeimeatia of a
plane lamina of density(x, y) about an axis is defined §§ p? dm wherep is the perpendicular distance from
a point &, y) to the axis andm= p(x, y)dA where p(x, y) is the area densitgA is the element of area adch

is the element of mass.

The moment of inertia about tieaxis will bel, = [ [ y2 p(x,y)dA.

The moment of inertia about tiyeaxis will bel, = [ [ x? p(x, y)dA;

The moment of inertia about the origin (polar mothexill be Iy = I, + I, = [ [(x* + y*)p(x, y)dA.



eq 27 Findly, Iy andl, of a lamina of constant denskybounded by =y?, x = —y?in — 1<y < 1.

1 ry? 1 4 1 ry? 12 4 104
Le= [ J2 .y kdxdy =k [Z 2y*dy = ko I, =k [2 [2 o x® dxdy =k [_ Syody = ko5 Iy = k.

eg. Find the moment of inertia about the origiradamina bounded by circié + y* = 4 with density
p(x,y) = k a constant.

Iy=L+1L=[[(x*+y)pl,y)dA = fozn foz r?rdrd@ = 8kr.
Areaof a Surface Described by z=1 (x, y)

The area of the surfaee=f (x, y), (X, y) in D, wheref, f, andfy are continuous is given by

A(s) = ffD \/fxz(x’:)’) +fy2(x’y) + 1dA.
eq 28 Calculate the surface area of the portion ofstiacez = xy for D : X% + y? < 9.
AS) = J [P T x? F LA = I PN AT rdrdg = 2 (2 + 1) = 2 (102 - 1).

eg 29 Find the surface area of the volume in the brkant bounded by the circular cylinders

X+y'=landé+Z =1,

The area of the volume in they dydx = - +7+ 1+ fol dx = 2+ square units.

Homewor k

1. Find the average value ffk ,y)=Xy* in the rectangle 0x <1, 0<y <2.
Ans: 4/9

2. A plate in thexy-plane with distances measured in ft. occupiesaggsmn bounded by the parabola
y=x — y*and thex-axis and its density ax,(y) is 6¢ Ib/ft>. (a) How much does the plate weigh? (b)
Where is the center of gravity? Ans: (a) 3/10(1),(2/3,2/21)

3. Find the centroid of the quarter circle lying beéng = V1 — x? and they-axis for &< x <1 with
densityp=1. Ans:(%,%)

4. Aflat disk occupies the disk? —2x+ y? < 0 in thexy—plane with distances measured in inches and, and
its area density at (x,y) ip = 5,/x% + y2 ounces per square inch. Where is the center gftgPa
Ans: (6/5,9/20)



16.3 Triplelntegrals

Letf (x, y, 3 be a continuous function in a regiovién R*. The triple integral oveRis [ [ [, f(x,y, z)dV
wheredV = is an element of volume. fi{x, y, 2 = 1, the triple integral will give the volume tife regionv.

Iterated I ntegrals over Rectangular Regions

If I is an iterated integrals over rectangular rediloa,integration can be switched.

b rd a b b rd
=07 52 J] feoy, 2)dxdydz = [7 f] [7 fGoy)dydzdx = f] f7 [ £ G y)dzdxdy .
l —_—
30 7 [y f, zxsin(xy)dzdydx = 5+ cu units.
3

Iterated I ntegrals over General Regions
Typel

If the region of integration i&R3 is bounded above by the functibix, y) and below by the functiog (x, y) in
the area in thexy plane, the triple integral will bg, f (x,y,z)dV = [ [ (f;g;)f(x, Y, z)dz) dA, wheredAis
dxdyor dydx See figure below.

X

eq31 Find[ [ [, xdV whereR s the region bounded by the planez and the cylindex® +y? = 1 in the first
octant.

Since the region is bounded aboveybyz and below by they plane, the integral becomes

fol Jo 1_y2(f0yx dz) dxdy = =.

8



eg 32 Find the volume bounded by the parabolic surfﬁce\/} the planex + y = 1 and thex-y plane.

1 c1-x Yy 11— 12 22 4
V=g ly " Jy dzdydx = [; [}y dydx = [[S(1-x)¥2dx =22 (1 - 05?9 = —.

Typell

If the region of integration iR is bounded in the front by the functign(y, 2 and in the back by the function
01 (Y, 2 in the aredA in theyzplane, the triple integral will be

ST, Gy, 2)dv = ff(f;((;’zz))f(x, y, z)dx) dA , whered Ais dydzor dzdy See figure below.

Projection on
the yz-plane

Since the region is bounded in the backyy” + Z2 and in the front by the = 1 plane, the integral becomes
f_ll f_\;\/?—; (f;2+zz xdx) dydz.

A simple way of solving this integral is definingpalar coordinate system in thiez plane such that

y =71cos(0),z = rsin(0) withr? = x2 + y? and tan(9) = § :

If we do so, the integral becom§s’ [ (frlz X dx) rdrdf = /3 .



Typelll

If the region of integration iR is bounded in the right by the functign(x, 2 and in the left by the function
01 (X, 2 in the aredA in theyzplane, the triple integral will be

[I0,fCy,2av = [ [ ([} fxy,2)dy) dA , whered Ais dxdzor dzdx

y = h(x, 2)

Projection on
the xz-plane

X

€934 Find[ [ [, ydV whereV is the region bounded by the cylind@r Z = 4, and the plangs= 0 and
y=06.

Since the region is bounded in the right by the@la= 0 and in the right by the= 6 plane, the integral
becomeq_z2 f_% (f06y dy) dzdx = 72m.

A simple way of solving this integral is definingpalar coordinate system in tRez plane such that

x =rcos(0), z=rsin(8) withr? =x%+ z?and tan(9) = g :

If we do so, the integral becomgzs” foz ( f: ydy) rdrd@ = 72m.

Average Value of a Function

If f (X, Yy, 2 is piecewise continuous is a bounded region pilcewise smooth boundary, then
x,y,z)d
fave = - ffff(x:yiz)dvz”m—y)v-

volume [[[adv

eg 35 Find the average value bfx, y, 3 =xyzin 0 <x< 1; 0 <y <x* 0 <z< 8.

1 ,x3 8
. dzdyd.
As a Type | integralf,,. = Jo f;’ xfg xsyz 2o
I ly [, dzdydx 2




Centroids

Definition:

If p(x,y,z) is a mass (weight) density, the mass (weightjvergby

m=[[[, pxyzadv.

My; _ [ ] [xp (xyz)av My, _ [ [yp (xyz)av Mxy _ [ ] [zp (xyz)av

The centroid will bex = 22 = —————=—— j = X =it 7= =
m m

J I [pav I [ pav m [J [ pav

Moments of I nertia of a Solid Body

The moment of inertia of a solid body about an agiates the angular acceleration about the axisetdorce
twisting the solid (torque). Moment of inertiaa®olid body of density(x, y) about an axis is defined as
[ [ | p?* dm, wherep is the perpendicular distance from a poigy @ to the axis andm= p(x, y, z)dV where
p(x,y,z) is the volume densitygV is the element of volume awknis the element of mass.

The moment of inertia about tikeaxis will bel, = [ [ [(y? + z2) p (x,y,2)dV.

The moment of inertia about tiyeaxis will bel, = [ [ [(x? +z%) p (x,y,z)dV.

The moment of inertia about tiyeaxis will bel, = [ [ [(x% + v?) p (x,y,2)dV.

5.

6.

J‘ Xzz_[ y=\/4-x2 J‘ 2=\/4-2-y?
x=0 z

Homework: 16.3
Expressf [ [, f(x,y,z)dV as an integral wheMis the solid bounded ty= 0,z =1-y*, x=-2 and
x=0 as a Type |l integral.

Ans [° [* [ fdzdydx
What is the value od I -[v F dx dy dzif F is the constant functiof(x, y, z2) = 7 andV is a bounded

solid with piecewise smooth boundary whose volusnEd? (b) What is the average valué& ah V
for the function and solid part (a)? Ans: 70,7
A block occupies the region boundedXby —2,x = 2,y =-2,y=2,z= 1, andz = 2 inxyzspace

with distances measured in meters and its dens(i/ @ 2) is x2eY sinz kilograms per cubic meter.
What is its mass? Anslzgé(cos(l)— cos(2) — €2 kg.

A solidV bounded by = X2 + 1,z= —y2 —-1,x=0,x=2,y=-1, andy = 1 inxyzspace with

distances measured in feet contains electricabelsarith densityﬁ/2 coulombs per cubic foot at
(%, ¥, 2. What is the overall net chargeVir? Ans:736/15

What is the average value fof xy3z7 in the boxV bounded bx=0,x=2,y=0,y=2,z=0 andz
=27 Ans:32
Describe the solids of integration that lead toitbemted integrals:

f(x,y,2 dzdydx

y=0 =0

Ans: one fourth of an upper hemisphere centerégeabrigin with radius 2, witlk >0 andy > 0.

7.

Describe the solids of integration that lead toitbeated integrals:

I;/::J z=2—2yJ~ x=4—4y—22f ()(’ V. Z) dxdzd

z=0 x=0



Ans: The tetrahedron bounded by the plare4y — 2z = 4 and the coordinate planes.
8. Evaluatej”v x*y?z dV with V bounded by 0 x< 1, 0 <z<x*-y?. Ans: k=4/525

9. Findksuch thatj”v X’z dV:% where V bounded by=0,z=x,x=0,y=0, and

x+y =k Ans: k=1

10.What is the centroid of thegjdmder V = {(x, y, 2): X2 + y2 < 4,0< z< 1} in xyzspace with
distances measured in feet if its densityxay,(2) is cosz pounds per square foot?

Ans: (X,V,2)=(0,0 sin()+ cos(ly
. T sinQ) e e e

16.5 Integralsin Cylindrical and Spherical Coordinates

Cylindrical Coordinate System

Any point , y, 2 in R3 can be expressed in Cylindrical Coordinategrag, z) where

— 2 2. — Y., — iy — vy — : i i
r=,/x%+y?; tan(f) = SZ=LX=T cos(0);y = rsin(60) are the transformation equations,
for0<r<ow, 0<0<2m—0<z< oo,

If cis a constant, = cis a cylinderf = c is a planez=c s a plane.

TAY Ar

l<\“§“

\ZZ:@\ )

xZ

A triple integral in cylindrical coordinates is gn byfRf(x, y,z)dV

fZle f9912 f:lz f(r cos(8), rsin(8), z) rdzdrd6 where the element of volume dV = rdzdrd6 .

@2 36y2Us§2a triple integral to find the volume boundgdhe cylindes? + y* = 4 and the sphere
X+y +z2=09.

iiE)




In Cartesian Coordinates the volumd|§f\/j4 xeO f‘/jg xxz i ~dzdydx. If we change to cylindrical

coordinates, we havg " [ f_mrdzdrde = ?(27 — 5V5) cu units.

eg 37 Compute the triple integral 61X, y, 3 =/x2 + y2 bounded by the parabolaid + y* + z= 1 and the
planez = 0.

It f_wfl Y T y? dzdydx = fozn fol fol_rzrz dzdrd6 = fozn folrz (1 —1r?)drdo =
2 (l_l) in

G757 1
Spherical Coordinate System

Any point {, y, 2) in R3 can be expressed in Spherlcal Coordinatép & ¢) where

2 25 ,2. Y. _Z____Z
p =+/x%2+y2+ 2% tan(0) = x,cosqb > m
x = psin(¢p) cos(0);y = psin (¢) sin(0) ; z = pcos(¢) are the transformations equations for
0<p<o 0<0<2n, 0<¢p<m

If ¢ is a constanip = c is a sphere; 8 = cis a plane; ¢ = c is a cone.

- Ap; 7
pisin ¢, A, /
N NS

“..1:\\;;;:4-\(};.157:
Atriple integri . impisinde T ,z)dV =
ple integre ri A6 —p,sm ¢, AG, f(x y,2)

fqbzf f,flzf(p e oo g b sery s p oo (@) p? sin(¢)dpdOdd where the element of
vqumedV p?sin(¢p)dpdhde.

eg 38 Find the volume bounded by the cahe- g and the sphere = 4.




V=3 Iy fy o sin(@)dpdode = =T cuunits.

€939 Evaluatef [ [ e®*+¥*+29*2 gy in the unit ball.
T2 1 53 o 41T

V= f() f() fo eP P Sln(d))dpdedd) = ? (e - 1) .

eg 40 Find the volume bounded by the cene /x2 + y2 and the sphere? + y? + z% = z.

Sincep? = p cos ¢ oy . ) <p<cos¢, andpcos¢ =
V (p sin() cos(6))? + (p sin(¢) sin(9))? = p sin(¢), we can say that the cone goes from; ¢ < %.

so= J"* 77157 p? sin(@)dpdbdep = 2 [ (cos §)? sin(p)dep == .

Homework 16.5

1. Describe the solid given by:

a) 0<60<mn/2, r<z<2; Ans: The first octant section of the cq;/L_eZ + y? = z and the plane z = 2.
b) 0<p<3,n/2<¢ <m  Ans: The bottom half of the sphere of radius 3.
C)0<¢p<m/4 p<2 Ans: A snow cone

2. Find the coordinate of the poity, ¢, 0) = (V2, n/4,1/2)

a) in the cylindricalr, 6, z) coordinate systems. Argl,/2,1)]
b) in the Cartesiarx(y, 3 coordinate systems. Ans: [(0, 1, 1)]

3. Change to the other two coordinate system andfsketc

a) tan¢ = 1. Ans:[x? + y? = z%; r? = 22 cone]

b) r = 2 cos(6). Ans: x2 + y? = 2x; psin(¢) = 2 cos(0) cylinder]

4. Express sin(¢) = 2 sin(6) in rectangular coordinates and sketch the graph.
Ans: [cylinden + (y — 1¥ = 1]

5. Express = 2sec(8) in rectangular and spherical coordinates.
Ans:[x = 2; psin¢ cos 6 = 2]

6. Expressp = 2sec(¢) in rectangular and cylindrical coordinates. Aas: 2]

7. Describe the surfage = cos ¢. Find its distinctive points. (If the surfaceaiparaboloid, find its
vertex; if a cylinder, find its radius; if a spheits center and radius etc.) Ans: sphere, r =:{0,&1/2)

8. Changerot ¢ = 1 to the cylindrical and Cartesian coordinates syste



Ans: [z =r1;z = 4/x? + y? inverted cone |

9. Calculate the volume of a sphere of radu®) by using cylindrical coordinates and (b) byngs

spherical coordinates. An%:nR3.

10. Evaluatej I J-Vz dx dy dzwith V={(x,y,2): 3< z< 1/25- x° — y2 }. Ans: 6471.
11.Use cylindrical coordinates to evaluaj'tﬂv 47° dx dy d: whereV is the solid bounded by the cone

=,/ ¥ + y and the plane=1. Ans: /3

12().[11/2." J'

rectangular coordinates. Ans: I }' Yt J'(Hy) ( V7 *Y) dx dy dz

—————dz drd is given in cylindrical coordinates. Rewrite theegral in
2 S|ne+4

13.Use spherical coordinates to evaluﬂej'v Z> dx dy d: whereV is the quarter upper unit sphere centered
at the origin withy > 0 andz> 0. Ans:m/15
n(n 1l 5 .2 . . . . .
14. _[0 _[3ﬂ/4 Io p° cosOsin” @dp de dd is given in spherical coordinates. Express titvegral in

rectangular coordinates. An.fs .[ Vel lex(%wz) X(X + y*+ 7) dzdyd;

15.The mtegralj I I r sinddz dr dé is in cylindrical coordinates. Express it asated integrals

in spherical coordinates. An.#o: J'O J'O 0" sin’ (p)sin@ Xdp dg dé ;



16.7 Change of Variablesin a M ultiple | ntegral (Jacobians)

Letf =f (x) andx = x (u). f;:ff(x)dx = f;:jl fx(u) % du where % is the Jacobian of the transformation
in RL.

e3—e

u=3 1 d 1.
e¥-du == whereZ = -is
2 2 du 2

eg4l If y = e***! andu = 2x + 1. f;:olezx“dx = f;:ls e“i—idu =J .
the called the Jacobian of the transformation.

Transformation of Regionsin R?

A change of variables for double integrals is gibgrthe transformatioii from theu-v plane to the-y plane
whereT (u, ) = (X, y) wherex =g (u, \) andy = h (u, V). Let’s assume thatis aC* transformation, this is that
g andh have continuous first partial derivative. Ti{u;, v) = (X, ¥, the pointsX;, y;) are called the image
points of the pointsu, ) under the transformatioh LetSbe the region of allX, v), if T transformsSinto a
regionRin thex-y plane,Ris called the image @& If no two points irS have the same image, the
transformatiorT is called one-to-one. Tfis a one to one transformation, then it will haveinverse
transformatiorT that will transform pointsx, ) into points (i, &), or Ui, V) = T (X, ).

eq 42 Draw in thex-y plane image 0%: {(u, )| 0<u< 3, 0<v < 2} under the transformation
T={x=20+3v;y=u-—V}.

If we consider the positively oriented curve thatleseS the line segments of the vertices of the recaagb
(0, 0), (3,0), (3, 2), (0, 2) back to (0, 0). Eadour line segments in tiev plane will map the regio§to the
regionR in thex-y plane given by the line segments with vertice®}0(6, 3), (12, 1), (6 — 1) back to (0, 0),
with acw orientation, under the transformation

Since the transformation is Affine (linear), theds segments of the rectangle will transform ime segments.

eg 43 Draw in thex-y plane the image o : {(r,0)|0 < r < 2,0 < 6 < ©/2} under the non-Affine
transformatior” = {x = r cos(0);y = rsin(6)}.

The line segments of the vertices of the rectaobteare:

(r:0-2, 6=0) L(x:O—»Z,y=0)Iinesegment

(r=2 60:0->m/2) L (x:2cos@ y = 2sin@) quarter circle ccw 8 : 0 > /2

(r:2-0, 06=mn/2) kN (x =0, y:2 - 0)line segment

(r=0; 6: ©/2-0) 5 (x =0, y =0) point



eg 44 Find the image 0%: {(u, V)| 0<u <1, 0<v< 1} under the transformation the non-Affine tramrsfiation
T={x=u’*—V%y=2u}.
The line segments of the vertices of the rectaobteare:
T
w:0->1L,v=0) > (x=u? y=0)linesegmentx:0 -1
T 2
u=1v:0-1) > (x=1-v3y=2v)x=1 —yT,(x,y):(l,O) - (0,2)
T
w:1-0,v=1) > (x=u*—-1,y=2u)x= yTZ— 1, (x,¥):(0,2) - (—1,0)

T
u=0; v:1-50) > (x=—v%y=0)linesegmentx: —1 -0

Letx=x(u, V) andy =y (u, V).

1

Jacobiansin R?

=d =b =d’ =b,
f;;c f;;a f(x,y)dxdy = fvv=c, f:;a, f(x@,v),yw,v))| J* |dudv where
JY = 9xy) — | *u ».| is the Jacobian of the transformatior¥if and J*|dudvis the element of area of the

X
auy) |yu
transformation. If the transformation is AffingtJacobian is a constant.

eg 45 Find the Jacobian in polar coordinates

_0xy) _ % xel — [cos6 -rsinf| _
a(r,0) Yr Yo siné rcosf

The element of aredxdyin polar coordinates will bedrd6.

Since x = rcos(0);y = rsin(6),]*Y T.

Letx=x(u,v,W;y=Yy(u,v,wandz=2z(u, v,w fyy:ef f;:cd f;:ff(x,y)dxdy =

fv‘::c,’ fvv:j’ fuif,, f(x(u,v,w), y(w,v,w), z(w, v,w))|J*? |dudvdw where

u=

s Xu Xo Xuw
vz = % =Y, Y, Y,|isthe Jacobian of the transformatior¥if.
" Zy Zy Zy

eg 46 Find the Jacobian in spherical coordinates

Sincex = psin(¢) cos(0);y = psin(¢p) sin(0); z = p cos(¢p),

9(x,y,2) Xp Xo Xgp
]xyZ: i = Yp Yg Y¢ =

a(p, 9! d)) Zp Zg Z¢



sin(¢) cos(8) —psin(¢p)sin(8) pcos(¢p)cos(6)
sin(¢) sin(0)  psin(¢p) cos(@) pcos(¢p) sin(0)| = —p? sin(¢P) .
cos(¢) 0 —p sin(¢)
The element of aredxdydzn spherical coordinates will Q&% |dpdfd¢ = p? sin(¢p)dpdOde
Integration Under Transformation in R?

€g 47 Evaluatef fR Jx% + y2dA whereR is the cylindex® + y? = 1 using the transformation non-affine
transformatior = {x = rcos(0);y = rsin(6)}.

2m (1 |9(xy) d(xy) _ Xr Xg| _|cos@ —rsinf]| _
fO f a(r 9)|drd9 Sinc ore)  1r )’9| B |sin9 rcos 0 ’
2w 1 |O0(xy) 2w 1 _2m

[ a(&dd@-[ [yrrdrde ==

€g 48 Evaluatef fR (x + y)dxdy whereR is the polygon with vertices (0, 0), (2, 3), (3, B, — 2) using the
Affine transformationl = {x = 2u + 3v; y = 3u — 2/}.

J g G+ y)dxdy = [ [ Gu+v) |3

a(XY) o0(xy) _ Xy
|dudv where ) |)’u

v:|3 —2|:

To find the limits of integration, we need to fitlte regionSunder the transformatioh To do that, it is easier
if we find the inverse transformatian'.

By Cramer’s RuleT = {x = 2u + 3v; y = 3u— A} becomesT ! = {u

2x+3y _3x—2y}
3 YT T3

The line segments of the polygon (0, 0), (2, 3).1(5(3, - 2) back to (0, 0) in they are transformed to (0, 0),
(1, 0), (1, 1), (0, 1) back to (0, 0) in thev. This is the squar®: {(u, ) | 0<u<1,0<v<1}.

So the integral becom§(§1 fol(Su + v)13 dudv = 39.

eg49 Findj% = (“ v) | for the previous problem.

— —L It can be shown that the Jacobians of Affiamsformations and its

13
a(x y) 1
wv) T owy-
a(xy)

o(uw) _ 2 3 |
a(xy) 3 =2
inverse transformations are reciprocal of eachrotSe)

Uy uyl_ 1
Uy vy T 132

€950 Evaluatef [, (x? + y?) cos(xy) dxdy whereRis bounded byy = 3,xy = - 3,X —y* = 1 and
XX —y* = 0.

In this case the transformation is not given, butd use the transformation= {u = xy; v = x* —y?}, the region
of integration will be the rectangle <4< 3; 1<v<09.

The integralf [, (x? + y?) cos(xy) dxdy = f11 f_33(x2 + y?)cos(u) |Zg”33| dudv.



Sincex andy are not expressed in termswdndv we cannot fin Ezi i directly.

dxy) _

Since also holds for non-Affine transformations, we d¢isa

]uvzléi vy|=|2);c _;y|=—2(x2+y2).

The integral becomeﬁf (x? +y2)cos(u)|

dudv.= f11 f_33 cos(u)%dudv = 8sin(3) .

2(x = ¥2)

eg 51 Evaluatef [, ( )dxdy whereR is bounded bx —y=0,x-y=1,x+y=1andx+y= 3.

If we use the transformatioh= {u =x—y; v =x+y}, the region of integration will be Su<1; 1<v<3.

The integralf [, ( )dxd =/, folz Zgg dudv.
Si a(x,y) 1 ww _ |Ux uy| _ | 1| 2, th t b é f ——d dv _n®
mcem ) = |, v,| = = 2, so the integral becomgs

a(xy)

eg 52 Evaluateff y dxdy whereR is bounded by? = 4x + 4,y* = — & + 4,y > 0, under the transformation
T={x=u’=V% y = 2u\.

The conditiory > 0 implies that ify = O,u =0 orv= 0, and ify > O,uv> 0 oruv< 0.

Sincey? = 4x + 4 is the half parabola to the left of the regamly’ = — 4 + 4 is the half parabola to the right of
the regionx andy into the left parabola gives

u=0—ov=+=+1

2 _ 32 —u?—
Quv)? = 4(u* — v?) + 4 or uv = u? — v? + 1 with { 5 = 0 - 1o solution ’

andx andy into the left parabola givesy@? = — 4 (* —V?) + 4 oruv=V* —u? + 1 with
u = 0 - no solution _, . , , , .
{v 0o u=+1 giving the region of integrationQu<1; 0<v<1.

The integral then becomds/ . y dxdy = fol f01 2uv

a(xy)
o(uv

a(xy)l dudv f01 f01 2uv4(u? + v¥)dudv = 2,

where——= = 4(u? + v?).



Homework 16.7

1. Draw in anxy-plane the image of the four squares in the fignglew under the affine transformatign
=1l+A=vy=2-u+2v.

v

2. Find an affine transformation Tx:= a;u + byv + ¢4, Y = a,u + b,V + ¢, that maps the square with corners
0=(0,0), A=(1,0),B=(0, 1) andC = (1, 1) in auv-plane into the parallelogram in the figure
below. (b) What is the Jacobian of the transforomadf part (a)? (c) Find the inverse to the

transformation of part (a). (d) What is the Jaaalnf the inverse transformation?

A=(-1,2) v

=21
Aﬁ

e} 3 T

B=(3,-1)

Ans: x=-u+3v, y=2u- V- 5;(2x% y)/5- 1/t
3. The figures below show a regid% in auv-plane and imagR under the affine transformatior=u + v,
y=u-Vv+ 2. Use this transformation to convértfR % dx+ dy into an integral with respect to
X+y

andv overR. Ans: Hﬁ%du dv
u

[
1




4. The figures below show a regid% in auv-plane and its image under the transformation= 3, y =
43— 3. Use this transformation to convé.rt_[R x(y+3) dx dyinto an integral with respect toandv

overR. Ans: 48HF~{U‘3V‘”3 du dv

v Y
3+ 3r
2F 2r @
1} Lr
L L
1 ) 3 w 1 2 3 T
Figure5 Figure 6

5. What is the Jacobian of the affine transformatienu +2v + 3w,y = 4u— 5/, z= 6v + 2w? (b) Suppose
that a solidv in uvw-space has volume 100 cubic meters. What is theneof its inverse under the
transformation of part (a)? 46; 460m

6. Draw in anxy-plane the image under the affine transformatien2u + 5v, y = —2u + 2v of the pentagon
in the figure below.

u°

7. Find the values of the integrals by making affihareges of variables to obtain integrals over baw#s

X+y—z )
To (vt 277 (y+ 227 dx dy dz,

withV ={(x,y,2:0<x+y-z<2,0<sx-y+z2<3,0<y+22<4 Ans; Arctan(4)

sides parallel to the coordinate plang:_[v

8. Find the values of the integrals by making affihareges of variables to obtain integrals over bax#s
sides parallel to the coordinate plang(sj‘ Iv( 2_ yz)dx dy dz
withV={(x,y,2:1<x+y<2,3<x-y<4,4<x+y+z<5. Ans: 21/8



