Optimization: Local and Global Extrema
Functions of several variables, like functions néwariable, have local and global extrema. Alloca
extrema is the point where the function takes enldhgest or smallest value in a small region adoun
the point. Global extrema are the largest or sstilalue anywhere in the domain under consideratio

15.1 L ocal Extrema

2-Space

Consider the functiog = f (x). The critical valueo of the function will be found whefi’(xo) = 0 or
f'(x0) is undefined. If the critical poinkd, f (Xo)) is a local extremg,’(Xo) = 0. Not all critical points
are local extrema.

We can check if a critical point is a local extrenséng the First Derivative Test. If the derivativ
changes signs across a critical point, that ctipoat is a local extrema.

f (X) = x® does not have a local extremum at the criticahtp@@,0) since the derivative does not change
sign across that point.

Sometimes we can use the Second Derivative Tdstddocal extrema in a function.

Using this test, a critical point is a local minimythe curve is concave up) if the second derieasv
positive at that point and a local maximum (theveus concave down) if the second derivative is
negative at that point. The test fails if the setderivative is zero.

Points where the second derivative is zero areideres inflection points if concavity changes asros
that point. Not all points where the second déiveais zero are inflection pointd.(x) = x3 has an
inflection point at (0,0) since the concavity chasgcross itf (x) = x* has a zero second derivative at
x = 0, but the point (0,0) is not an inflection poin

3-Space

Functions of several variables, like functions néwariable, have local and global extrema. Cansid
the functionz = f(x,y). The critical (stationary) points of the functiwill be found wherdy (x,y) =

fy (x,y) = 0. Not all critical points are local extrema.

If F (X, y) has a local extremum at the poiatlf), thenfy (a, b) andfy (a, b) = 0.
This implies tha/ f(a,b) = 0, so the tangent plane at that point is horizontal.

eg 1 Consider =x? +y?> — X — 6y + 14.
The critical points will be found & = 2x— 2 = 0 offy = 2y — 6 = 0. The function has a critical point at
(1, 3). By completing the squaes 4 + k— 1Y + (y — 3Y.

This is a paraboloid that opens up with vertextaB( 4). So this point is a local minimum.



To classify critical points we need a Second DénreaTest.

Letz="f (x, y) be continuous ag(b), fx (a, b) =fy (a, b) = 0 and lets define the Hessian determinant as

D(x,y) - fxx fxy

fyx fyy
If D(a, b) >0 andf,, (a b) >0 (orf,, (a, b) > 0), therf (a, b) is a local minimum.

If D (a b) >0 andf,, (a b) <0 (orf,, (a, b) <0), therf (a, b) is a local maximum.
If D(a, b) <0, therf (a, b) is a saddle point.
If D(a, b) = 0 the test fails. In this case, further invgstion is needed.

eg 2a Considexr=x* +y* — 4y + 1.

The critical points will be found whefg= 4x3 — 4y = 0 andfy = 4y® — 4x = 0.

Since the roots are= 0, 1, —1, the critical points are (0, 0), (1abd (-1, —-1).

Sincefy, = 12¢, f,y, = - 4 andf,,,, = 127, D(x,y) = 144y — 16.

SinceD(0,0) =-16<0, (0, 0, 1) is saddle point. &ibc(1, 1) = 128 > 0 wittf,, (1, 1) =12 >0 and
D(-1, -1) = 128 > 0 witlf,, (-1, -1) = 12 > 0, the points (1, 1, -1) and (-1, —1) are local
minimums.

eg 2b. Considez = x3 +y3 — x-12y + 1.

The critical points will be found whefg= 3x? — 3= 0 wherx = 1 andfy = 3y — 12 = 0 whery = + 2.
The critical points are (1, 2), (-1, 2), (1, —2dgr 1, -2).

Sincef,, = 6X, fxy = 0 andf,,,, = 6y, D(x,y) = 36xy.

SinceD(1,2) = 72 > 0, and,,, >0, the point (1,2, —17) is a relative minimum.

SinceD(-1, -2) =72 > 0, andl,,, <0, the point (-1, —2,19) is a relative maximum.

SinceD(-1,2) = 72 < 0, the point (-1,2, —13) is a saduiiet.

SinceD(1,-2) = 72 < 0, the point (1, —-2,15) is a saddi®p

eg 3 Consider = x?y2.

The critical points will be found whefg= 2xy? = 0 andfy = 2%y = 0. That is every point along thke
andy axis. Sincef,, = 2, fyy = 4xy andfyy = 2¢2, D(x,y) = 4x%y? — 16%y? = 0 at any point on theory
axis. In this case the test fails. Sixég > 0, we can conclude that we will find the minimuloray
the axis.




Homework 5.1

1. Classify the extreme values fokff))=4x?eV-2x*-e ¥
Ans: Relative max at (-1,0) and (1, 0)

2. Find the extreme values ft(x, y) = (y?)/3 — (x)/4
Ans: Saddle point a (0,0)

3. Classify the two critical point, y, 2) for f (x, y) = 6xy-3X - 2 y.
Ans: Saddle point at (0,0,0), Relative min at (1)1,

4. Classify the critical points of the functidfx, y) = —x*—y*—4xy +1.
Ans: Saddle point at (0,0), relative max at (1, aiddl (-1,1)

5. Find the extreme values fé(K, y) = x3-3x%y+6y>+24y
Ans: Saddle points at (-2, —1) and (4,2), relate at (0, —2)

6. Find the extreme values ft{x, y) = xsiny
Ans: Saddle points at (Or)

7. Find a,b,and c such thifk, y) = x>+ax+y?+by+c has a local minimum value of -10 at (-1,-2)
Ans: a=2,b=4,and c=5

15.2 Optimization: L ocal and Global Extrema

eg 4 Find the point closest to the origin on tleng X +y—z=5.

We have minimized the square of the distance flwgotiginD = x* + y? + 72 from the plane 2+y -z
= 5. If we substitute of the plane iD, we have

D=x+y?+ (X+y—5%. Dyx=2&+4(X+y-5)=0and

Dy =2y + 2(x +y—5) = 0 gives the system of equatiomsH2y — 10 = 0,

2x+ 2y—5=0. From this we get the critical pO(FiH; Z) SinceD,, = 10,D,,, = 4 andD,, = 4,D =
10(4) — (4% = 24 > 0 andD,,= 10 > 0, the critical point is a minimum. Theoordinate of the point is
the point will bez = 22 +§ -5= g so the closest point |§€ — %), and the minimum distance is

7@+ () =&

Note: If we use the formula we derived with vectave find that the minimum distance from the point
(0,0,0) to the planex2¢ty—z=51is

lax,+by;+ czi+dl _ 12(0)+1(0)-1(0)-5| _ [-5] _5V6 . :
— —_— = < > =< -1> m
d T Terr 7 - ¢ units where <a, b, ¢ 2,1,-1> is the normal to

the plane.

eg 5 Find the distance from the point (2, - 3,04he planex + 2y + 2z = 13.

Since the distance from the poirty, z) to (2, - 3, 4) is given by
3



PR =(x— 2P+ (y+ 3P+ (z— 4P andz = ==X
d?=(x—-2F+ (y+ 3P+ (HT_zy)z. Critical point will be given where
d2=Z+y- Z=0andd} =x+4y+1=0thisisat (3, - 1).

Sinced?, :g; d3,=4andd;, =1,D=10-1=9>0, and;,> 0, (3, - 1) is a local minimum. The

, into d? we obtain

_a_o(_ 2
minimum distance will bed = J(B -2+ (—1+3)2+ (5372(1)) = 3units

If we use the formula we derived with vectors, \wilfthat the minimum distance from the point

_ . _laxq+by 1+ czq+d| _ [1(2)+2(=3)+2(4)-13] _ ﬂ - .
(2, - 3, 4) to the plane+ 2y+ Z=13isd =——=———= NETEY = — =3unity
where <a, b, ¢> = <1,2,2> is the normal to the @lan

eqg 6 The revenue obtained by sellingnits of product A ang units of product B iR(x y) = 8 + 10y,
and the cost in producingunits of product A angt units of product B i€(x, y) = .001§% + xy +y?) +
10,000. Find the production level that maximizesipP (x, y) and the maximum profit.

SinceP (x, ¥) = R(x, y) —C(x, y) = 8& + 10y — .001¢> + xy + y?) — 10,000.

Px=8-.001(& +y) =0 andPy = 10 - .001 X + 2) = 0, we obtain a critical point at= 2000,y = 4000.
SincePyx = Pyy = -.002 andPxyy = - .001.D =3 x107® > 0. SinceP,, < 0, we have a relative maximum
at that point. The maximum profit will be at theint (2000, 4000) and the maximum profit will be
$18,000.

eg 7 An open rectangular box has volume 32 cwithat is the length of the edges giving the mimm
surface area?

Let an open box of heiglathave a volum& =xyz= 32. The surface area will be

S=xy+ 2yz+2xz If we substitute = 32/ky), we obtain

S=xy+ 64k + 64k. If we solveS,=y— 64k? = 0 andS, = x— 6442 = 0, we obtairx = 4,y = 4. Since
S =128k3 Sy = 128§° andSy=1,D = (2) (2) — (13 = 3, andS« = 2 > 0, we have a minimum at (4,
4, 2). The length of the edges that gives the mmimn surface areais 4 x 4 x 2 cm.

eg 8 A rectangular box without a top is made frdton® of cardboard. Find the dimensions that
maximize the volume.

If V=xyz 12 = Xz+ 2yz+ xy, wherexy is the area of the bottom of the box.

. _12-xy \,_  12-xy _ 12xy-x?y? . . . _ y?*(12-2xy-x?%)
Sincez = 2wy Yo T e The critical points will be found whek& = e
2 _ a2
=0andVy = %’gz” = 0. This will occur whex = 0 andy = 0 or 12 — 2y —x2 = 0 and
12 — Xy — ¥=0

The second system gives=y? ory = x. Sincey = x into either of the derivative gives=y = 2,

(2, 2, 1) will be the critical point. The otheitaral point (0, 0, 0) will give no volume. It cdre shown
thatD (2, 2) is a local maximum, so the dimensions eflibx with maximum volume will be= 2,y
=2andz=1.



Homework 5.2

1. Find the six critical points af(x, y) = x3 + y* — 36— 1.
Ans: (2,0), (-2,0), (2y/18), (2-V18), (-2,V18), (-2, 3/18)

2. Given the plane+2y +z —1=0, find (a) the point on the plane closest®drigin by minimizing
the distance square, (b) the minimum distance. Ceg answer in (b) with the formula.
Ans:(a) (1/6, 1/3,1/6), (b) 16

3. Find the point on the half-hyperbolaid= |/x? + y2 + 3 that is closest to the point (6, 4, 0).
(Minimize the squar§x, y) of the distance between (6, 4, 0) and the pairthe surface witl-
coordinatex andy-coordinatey.) Ans: (3,2,4)

4. Find the point(s)x, y, 2) on the surfacéx+ xy+ Z = 9 closest to the origin by minimizing the
square of the distance. Check that the point givesnimum. Ans: (2,1, £1), D>0yxf>0 min.

5. Find the point(s) on the comé = x? + y? that is closest to the point (1, 2, 0).

Ans: (1/2, 1, %5/2)

6. A rectangular box of volume 24 cubic feet is tacbastructed with material that costs $1.50 per
square foot for the sides, $2.25 per square fadhtfront and back, and $3 per square foot for
the top and bottom. (a) Give a formula for the €t y) of the box in terms of the widthand
depthy of its base. (b) What dimensions would minimize ¢hst of the box?

Ans: a)C(x, y) =72k +108/y + 6xy.b) 2x3x 4

15.3 Constrained Optimization: Method of L agrange M ultipliers

This is a method of obtaining maximum and minimuatues of a functioz =f (X, y) subject to a
constraing(x, y) =k orw =f (X, y, 2 subject to a constrag(x, y, 2) =k wherek is a constant.

eg 9 Find the rectangle with perimeter 12 thatthadargest area.
Let x andy be the length and width of the rectangle. We wambhaximizeA = xy subject to the

constrain curvé® = 2x + 2y = 12. Graphically that means to find the poineveéhthe level curves & =
Xy intersecets the line (constrain curvegy22y = 12.

At that point, the normal of the function is paehlio the normal of the constrain. So we can say

VA= X VP wherex is a constant. SO X>=x<2,2>0Xx=x2,y=x2. There are two ways to
solve Lagrange Multipliers problems. We can eliatenthe multipliers from the equations or we can
solvex andy in terms ofx, substitute in the constrain to obtain an equatox. If we eliminatex, we
obtainx =vy.

If we plug into the constrainx2+ 2y = 12 we obtaix =y = 3 with an areé = 9. The point (3,3,9) is an
extremum in the constrain, and we can see thapagythat satisfies the extrema will give a smaller
area. Therefore, the rectangle with the largest & the square with sides 3.



In general, the method finds maximums and minimofres functionf under a constraig, by solving
the equation¥ f = x V g and the constrain.

eg 10 Find the maximum and minimum values of tla@@l (X, y) = 4x + y — 2 under the constraid +
2y? = 66.

By the Lagrange Multipliers Method we have 4=2x and 1 =x4y. If we substitutex andy into the
2 2
constrain we obtai@) + 2(1) =66 0r~ =+ ~. Fors =+ = we obtain the points (8, 1)
PN 4X 4 4

and (-8, -1). Sincg(8,1)=31and(-8,-1)=-35,(8, 1, 31) is the maximum pand (- 8, - 1 — 35)
is the minimum point under the constrain.

Another way:

4 = x 2xand 1 =»4y gives thaix = 8y by multiplying the fist equation by 2, solving by} and
equating. Into the constrain, we obtairyt# 2y = 66 Ory = + 1 andx = + 8.

The points will be (8, 1) and ( - 8, -1) as before.

eg 11 Find the maximum and minimum values of thiéasef (x, y) = x> + 2x + y? under the constraix?
+y? < 4.

Since we are inside a cylinder of radius 4, andstitéace is not a plane, we need to check for mdrat
the critical points and the boundary points.

By the Lagrange Multipliers Method, we have®2 =X 2xand % = x2y. The first equation cannot be
satisfied for any value of. The second equation givesxus 1, but this value does not satisfy the first
equation. The second equation also telf a). If we substituty = 0 intox? =y? = 4, we obtaix = +

2. The constrain has the points (2, 0) and (923ncefx = 2x+ 2 = 0 givex=-1 andy =2 =0

givesy = 0, the point (- 1, 0) is inside the cylinder atduld be considered. Sinc, 0) = 6 (- 2, 0)
=2andf (-1,0)=-1, (2, 0, 6) is the maximum point gnd, 0O, - 1) is the minimum point.

Meaning ofx:

Consider the functiofi(x, y) = x?33 under the constrain+y = 6.
By the Langrange Multipliers Method, we hae1/3y1/3 = x and=x2/3y=2/3 = x.
3 3

If we eliminatex, we obtainx = 2y. If we substitute into the constrain, we obtam 4,y = 2 with
f(4,2) =2*22andx = 2/3/3

Consider the same function under the constrairy = 9.
By the Lagrange Multipliers Method, we haélel/3y1’3 =X and%xzﬁy‘z/3 = x.
If we eliminatex, we obtainx = 2y. If we substitute into the constrain, we obtam 6,y = 3 withf

3+22/3-2422/3
2 TR —22B3/3 =x. We can

(6, 3) = 3%22/3 andx = 23/3. If we computeﬁ%, we obtaini—c ==

say that the change in the function by the changdlked constrain is.
Proof:
Sincexo = Xo (€) andyo = Yo (€) both depend on the value@fby chain rule 1,



of _ df dxo af dyo . : _ _ of _ dg dxo
3¢~ 3,0 de + %0 dc at the critical point we havig= X g, andfy=x g,, SO~ =X (axo —
99 dyo

=99 o - 99 _
70 dc) =X - =x sinceg (xo, yo) =cand-" = 1.

We can conclude that represents how the function changes when the \ddlthee constrain changes.
The Lagrangian Function:

Constrain optimization problems where the funcfi@q y) under the constraig(x, y) = ¢ can be solved
by the Lagrangian Function
L,y,N)=fXYy) -x(gl,y)— c). If (xo, Yo) is an extreme point df(x, y), subject to the constrain

g(x, y) =c, andxo is a corresponding Lagrange multiplier, then atghint &o, Yo, »0) we have
oL _ oL _ 9L _

ox dy ox

eq 12 A rectangular box without a top is made fdton? of cardboard. Find the dimensions that
maximize the volume.

If f(X,y, 2 =xyzis the volume of the box, and the surface asear2yz+ xy = 12 is the constrain
a(x,y, 2 = 12, wherey is the area of the bottom of the box, the Lagramdunction will be given by
=Xyz- X\ (2Xz+ 2yz+ xy).

Z—ﬁz yz- X (2z+y) = 0 orxyz=x (2xz+ xy)

Z—ﬁz XZ- X (2z+X) = 0 orxyz=x (2yz+ xy)
Z—§= Xy- X (2x+2y) = 0 orxyz=x (2xz+ 22
2= xz+ yz+xy-12=0

if we solve the first and second equation, we have. If we solve the first and third equation, we
obtainx = 2z. If we substitute these two equations in theégstation, we obtair=y=2,z=1.

Homework 5.3

Use Lagrange Multipliersto find the maximum and/or minimum values and the points wher e they
occur .

1. The maximum and minimum é&f 2x + y for 2 + 2y2 = 18.
Ans: A =+ 1/4, maxf(4,1) = 9, minf(-4,-1) = -9
2. The maximum and minimum & xy for 4x2 + 9y2 =72
Ans: A #0,x# 0,y# 0, maxf(3,2) = 6, mirnf(-3,2) =f(3,-2) -6
3. The maximum and minimum 6f x2 + 2x + y2 for 3x2 + 2y2 = 48.
Ans: A =0ory =0, maxf(Zi\/E) =26, minf(-4,0) = 8
4. The maximum and minimum 6t x2y for %2 + 8y2 = 24.
Ans: A =+ 1, maxf(+4,1) = 16, minf(+4,-1) = -16

5. The minimum off = 3 +y? fory — 3 = 8.
Ans: A =4, minf(-2,2)=16



