14.1 Partial Derivatives

Letz=f (X, y) be a function of two variables. xXfvaries whiley is held fixed z becomes a function af and
the first partial derivative dfwith respect tox will be

of . flx+Axy)—f(xy)

— = lim

0x  Ax—>0 Ax

If y varies whilex is held fixedz becomes a function @f and the first partial derivative bfvith respect to
y will be

Of _ iy fO0y+8y) — f(xy)
—— = lim
dy  Ay-0 Ay

Estimating Partial Derivatives From Tables

eg 1 The wind-chill index (perceived temperaturég a function of temperatuiieand wind velocity, so we
can writel =f (T, V). Use the table to approximate
a)fr(12, 20); b)fv (12, 20) wherd is in degree Celsius andn km/hr.

T\v 10 20 30 | 40
20 18 16 14 | 13
16 14 11 9 7
12 9 5 3 1

8 5 0 -3 | -5

a) Sincer (12, 20) SN f(12+AT’20)_f(12’20), we can have different approximations. The ldéfedence

aT A
guotient approximation 55(12_4'2(1);f(12’20) = 80__152 = 1.25. The right difference quotient approximation is

f(12+4'20i_f(12'20) = 1161__152 = 1.5. The centered difference quotient approximatjnﬁ—:i% = 1.375.

b) Sincefy(12, 20) =Z—£ ~ f(12'20+Av)_f(12’20), the left difference quotient approximation is

Av
f(12.20—1_01)0—f(12.20) — 12:20 = —.4, the right difference quotient approximation is

f(12'20+1i)_f(12'20) = 32:;0 = —.2 and the centered difference quotient approximaﬁg%:% = —.3.



Estimating Partial Derivatives From Contour Diagrams

eg 2 The figure below shows the level curves of corspire strengtls(g, ) (pounds per square inch) of

Portland concrete that is made wgtlgallons of water per sack of cement that has cudegs. What are the

S

approximate values (g#gi (6,16) and% (6,16)? Give the units and the everyday meaning of tisaver.
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(gallons of water per sad k of cement

Level curves of S

3—2(6,16) = % = —12501b/sq.in/gal. The compressive strength decreases bylbZ&Dinfor

each gallon of water added to a sack of cement @ftallons of water have added.

% (6,16) = % =77 lb/sq.in/day The compressive strength increases bip/&g.infor each day

elapsed after the concrete has been cured foryk6 da

eg 3 The figure below shows the level curves of the amf yieldY(x, ) (cubicf feet per acre) from a pine
plantation ofx trees per acre that are harvegstgdars after planted.

a) Determine without doing any calculation Whet%?eﬁoo, 20) is greater or less th‘??:n(looo, 15).
Explain your reasoning.

‘;—: (700, 20) is less thag%;- (1000, 15) since the level curve are further apartically at (700, 20) than at

(1000, 15). Itis better to have 1000 trees peg t#tan 700 trees per acre to maximize yield, bex#ue
yield increases more rapidly.
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Homework 14.1

1. Use the following table of values gfx, y) to estimate (ax (2, 5) and (b (2, 5).

x=1 x=15 X=2 x=25 X=3
y=5.2 150 160 172 184 195
y=5.0 187 200 212 223 235
y=4.8 231 242 253 266 278
y=4.6 273 283 293 305 316

Ans: Centered {23, -202.5}

2. Level curves ofs (%, y) are shown in the figure below. Find its approiex- andy-derivatives at (3, 3).

=N W e G

Ans: {10/1.3, 10/1.4}

3. Let the figure below be the contour diagrani ©f,y). Find an approximatederivative at (2, 2) by
using the centered difference quotient. Ans:1/2

R

4. Figure 11 shows the graph of the functie{®, 2) ofx that is obtained frorR(x, y) by setting

y = 2, and figure 12 shows the graph of the funci(8) y) of y that is obtained frorR(x, y) by settingx = 3.

JP JP
Use the graphs to find the apgirate values Ofd_x (3,2) ando,,—y (3,2).

z

(y=2)

FIGURE 11

Ans: {-2, 2}

FIGURE 12




5. What are the approximate values of hendy-derivatives of the functioh(x, y) of the figure below? Find a
linear equation for the level curves below. Ans; {&, 2x-3y = 20

Level curves of h{z,y)

14.2 Computing Partial Derivatives Algebraically

Since3—£ = f,(x,y) is the ordinary derivative df(x, y) when y is held constant aéé = f,(x,y) is the

ordinary derivative of (x, y) whenx is held constant, we can use all the differemratormulas from single
variable calculus to compute partial derivatives.

eg4 If z=1(x,y) =xsiny), z = sin(y), z, = xcos(y).

eq5 If z=1(x,y) =x3+x32 - 22 findfx (2, 1) andy (2, 1)

fie (x,Y) = 3¢ + 2Y|21) = 16; fy (X,Y) = 3> — dy|2.1) = 8.

eq6 If z=4% -2y + x40, 2z = 8 + 43y, 7= — 2 + XAy

eq 7 Find all first partials of = e sin(4y?)

z, = ye* ¥ sin(4y?); z, = xe™ sin(4y?) + 8ye™ cos(4y?).

eg 8 Find a formula for the slopes of the tangentditeea curve cut from thaliptic paraboloid
z= 3% + 4y? parallel to thex-z plane.

m = z, = 6&x for any cut with a plang = c.

Partial Derivativesin Three Variables:

of _

If w=f(X,y, 3, There will be three first derivati\geg =1, - fy andZ—’; =fz

eq9 fw=Ff(x,y, 3 =+/x2 —y2 + 222, find the first partial derivatives.
_ X

-y _ 2z

Wy =————m W W, =
X Jx2—y2+2z2’ y Jx2-y2+222’ z Vx2-y2+222



Implicit Partial Differentiation

eg 10 Consider the implicit functiolm (2 +y —2%) =x.

. - . . I . 4x-3z%zy _ _2x%4y-z3—ax
By implicit partial differentiation with respect tom =lorz= —
. C . . 1-3z%z, _ _ 1
By implicit differentiation w.r.ty; Wy O0orz = Pt

eg 1l If xy +yz=xz find z. andz,.
By implicit partial differentiation w.r.x; y +yz =z + X% or z =

z—y
y-x'
X+z

By implicit partial differentiation w.r.ty; x +z+yz =xz orz = poe?

eq12 ForeY sinh(w) — 22w +1 = 0, show (by using implicit partial differeation) that

—yeXY sinh(w) | _ —xe*Ysinh(w) . _ 2Zw
27 ex¥ cos h(w)-z2'

Wy = ] - ]
X7 ex¥ cos h(w)-z2 Y7 ex¥ cos h(w)-z2

Homework 14.2

1. Find (a)i(x3y2— X+ y) ,(b)i(x2e3y+ vy &) ,(c)i(xey+6>€— Y.
X ay X
Ans: (a) 3x°y* -1, (b) 3x°e” + 2y&* , (c) & +12x.
2. Find thex andy derivatives of (a)F (x, y) =sin(} y*) , (b) G(x, y) = In(1- xy) ,
(© H(x, ¥)= (% + x+1)(¥+ y-3), (d) P(u )= & cos(¥ ), (&)Q(x y)= ¥ y/*+ ¥ y.
Ans:(a) F, =2xy* cos(¢y' ), E = 4¢ y cosi¢ Y , (b) G, = Y . G, = X
1-xy 1-xy
() H, = (2x+1)(y* + y=3); H, = (X + x+ 1)(2y+ 1, (d) P, = 2ué" cos(¥ );P=-2v& sin(¥ |

(e) QX :%X_l/2y1/4+2)(y4; Q:% )&/2 y3/4+4 X’Zy

3. Ifagas has densitp, grams per cubic centimeter at 0°C and pressuoe@ftmosphere, then its density at

. P ) do a .
T°C and pressure atmospheres i (T, P) = _ P m/cnt. (a) Find formulas foe— and—— in
P pheres i® (T, P) = 10T /273 ¢ @ 5T A% p

terms ofT, P, and the parametgx,. Give their units. (b) One of the derivativegpart (a) is positive and the
other negative fol > —273 and positive. Explain in terms of gasses why this could beceigd.

ns { ~PoPI273 , Po }; as temperature increases, density decreasesessure increases density
(1+T/273f '1+T /273
increases.

4. The figure below shows the graphptk, y) =siny —l x>. (a) Find the intersection of the surface with th
9
17
planex = 0 and its tangent line whose slop%,—i% (0, 3t/4). (b) Find the intersection of the surface vtith
: : 2'42
planey = 3n/4 and its tangent line whose slopd S (0, 3t/4).
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Ans: { p(0,y) =siny ,z=~/2/12==J2/2(y- 37 /1 4 p(x, 37r/4):\/§/2—§x3; z=+/2/2}

5. (a) A silo has the shape of a right circular cyindf radiug and heighH with a right circular cone of radius
r and height on top of it. Give a formula for the voluriveof the silo. (b) What are the rates of chang¥ of

with respect ta, H, andh? (c) The exterior surface area of the silo is 2m#H + Tir Vvh? +r? . What are
the rates of change #fwith respect to, H, andh?

Ans: @)V =7mr’H +1/3mr*h b) V. =27rH + 2/ 3mrh )V, = r?;V, = 1/ 3mr?
c)V, =27tH + N r? + W + v ? [N 2 +h %V, = 27r;V, = iirh [N/ r? +h?

6. If the sides of lengtha anb in a triangle form an ang@, use the Law of Cosines to find the third side the
triangle. What are the rates of change wiith respect t@, b, andg?
a—bcosfd ] b- aco¥

v G = :
Ja? +b*-2ab cos 8 J &+ B - 2ab cosé

Ans: ¢ =+/a® +b? —2abcosb., ¢, =

c = absind
’ Ja?+b*-2ab cos 8

7. Find z andz for:

_ - yz+sth+y+z))_ _ (xz+sh(x+y+z))
= +Vv+ A = (== 2777 = (===
a) Xyz=Ccosx+y +2) NSz (xy+sin(x+y+z) ' 2y xy+sin(x+y+z)

b) x+y2—2=2Xy+2) Ans:z= (x_y_z); 2= (ﬂ)

x+z x+z

C) XC+y3+ 2+ Xyz=1 Ans: z=-— (3x2+2yz); 2= — (3y2+2xz)

3z24+2xy 3z242xy

d) X222 — Xyz+y’22=3 Ans: z =— (ﬂ), 7 =— (‘2”—*'23’23)

2x2z-2xy+3y2z2 2x2z-2xy+3y2z2

2 2
e) z sinxy 2 = —x2 Ans: z = — ( yz? cos(xyz)+2x ); 2= — ( xz2 cos(xyz) )

sin(xyz)+xyzcos(xyz) sin(xyz)+xyzcos(xyz)

8. Findz ofz=e®cog4y?) Ans:z, = xe™ cos(4y?®) — 8ye™ sin(4y?)



14.3 Local Linearity and the Differential

Tangent Planes and Normal Vector:

Let Po = (xo, Yo, 20) be a point on the surfaee= f (X, ). We know that the equation of the plane hagdha
z=c+ mx+ ny. Since the poinPy = (Xo, Yo, 20) is on the tangent plane to the surfaeef (x, V),

Zo =C+ m Xt Nyo, Orc =2 —m %—NYyo. If we substitute into the equation of the plaze= c + mx+ ny and
rearrange, the equation of a plane tangent toutface at the poirf®o will be given by

Z=20+ m(X—Xo) + n(y —Yo), wherezo= f (Xo,yo), m = fx(Xo,yo) is the slope of the plane in thelirection, and

n =fy(xo, Yo) is the slope of the plane in tielirection. Since the equation of the tangent@lean be written
asfx(Xo,yo) (X —Xo) + fy(Xo, Yo) (Y —Yo) — @—20) = 0, in vector form it becomes

< fx (X0, Yo), fy (X0, Yo), — 1 >< x — X,V — Vo, Z — Zo >= 0. We can see that the vector normal to the plane is
< fx(xo, yo), fy (X0, o), — 1 >.

eg 13 Find the tangent plane and the normal vectadnécetliptic paraboloid.
f(x,y) = 2 +y? at the point (1,1).

Sinceni = < 4, 2y, -1 > f1,1,3= < 4, 2, -1 >, the tangent plane will be
z=3+4k—-1)+2y—1)orz=4x+ 2y — 3, and the normal vector< 4,2 -1 >.

Local Linearization (Linear Approximation)

eq 14 Find the Local linearization for the elliptic pdoloidz =f (X, y) = 2x% + y? for (X, y) near the point
(1,2).

If we consider the tangent plane to the surface4x + 2y — 3 that we obtained in the previous example, the
linear function of two variables(x, y) = 4x + 2y — 3 is a good approximation to the function

z=1(x,y) = 2¢ +y?>when §, y) is near the point (1, 1). This functibfx, y) is called the linear
approximation or the tangent plane approximatiohrtear (1, 1).

For instancd (1.1, 0.95) = 2(1.%)+ (0.95% = 3.3225, whereas the linearization give

L(1.1, 0.95) = 4(1.1) + 2(0.95) — 3 = 3.3 with pertege (relative) error less than 1%.

If we take a point farther away from (1, 1), welwib longer have a good approximation. In gentral
linearization of (x, y) at the point ¢xyo) will be given by the linear approximation of thaylor polynomial
in two variables abouig, yo) of f (x, y) or

L(X, Y) =f (X0, Yo) + (X0, Yo) (X —X0) + fy(Xo, Yo) (¥ —Yo0).
eg 15 Find the Local linearization a=f (x, y) = xe&¥ near the point (1, 0).

fx = €Y +yxeY1, 0= 1;fy =x2€Y1,0= 1
Lx,Y)=1+&—-1)+{—0)=x+y.



Differentials For Functions of Two Variables

For a function of one variablg=f (x), the differential ofy is defined as
dy=f'(x)dx. In applications, ii\x is small, we can approximats by dy.

eg 16 A circle of radius 4 is measured with an erroApE + 0.01. What is the maximum error and the
percentage error in the area of the circle?

SinceA = rr? andA r = dr is small, the maximum err&’A= dA = 2xrdr =

2 (4) (£ 0.01) = £ 0.0&. The relative error ifAsf = i(l)'::” = =4 0.005 with percentage error of £ 0.5%.

For a function to two variablez=f (x, y), the differential or total differential is defideas
dz="1x (X, y) dx+fy(x, y) dy.

eq 17 Givenz=x2+ Xy—y?

a) Find the differential dz.

b) ComparelzandAzif x changes from 2 to 2.05 whijechanges from 3 to 2.96.
a)dz= (2x + 3y) dx + (X — 2y)dy.

b) At the point (2,3)dz= (2(2) + 3(3)) .05 + (3(2)) (- .04) = 0.65

If we compare with\z, Az =7(2.05, 2.96) z(2, 3) =

(2.0% + 3(2.05) (2.96) — 2.95— (2 + 3(2)(3) — 3) = 0.6449.

We see thatlzis easier to compute, and = dz whenAx andAy are small.

eg 18 The radius and height of a right—circular coreeraeasured with errors as much as 0.1 cm eache If
height and radius are measured to be 6 cm and &pectively, use differentials to approximate the
maximum possible error in the calculated valuehefitolume.

Sincev = %nrzh, and Ar| and Ah| = 0.1 are smallAf| = dr and ph| = dh, so
|Av] = |dv| = [2/3mrh dr + 1/3nr?dh| = |2/3m (3) &dr + 1/3732dh|<
|1.27| + |. 37| by the triangle inequality, dav| < 1.5x. This will give a relative error ci% < 0.08.



Differentials For Functionsof Three Variables
Letw =1 (X, Y, 3, the differential will bedw = fydx + fydy + f,dz

eg 19 Estimate the largest possible error in the volofne rectangular box that measure<i#b 60cm and
40 cmand each measurement within 6r@

SinceV =xyz and|Ax| = [Ay| = |Az| < 0.2, |Av| = |dv| = |vedx + vydy + v,d, = yzdx + xzdy +
xydz| so|Av| = |dv| < (60)(40)[(0.2)| + (75)(40)](0.2)| + (75)(60)[(0.2)| = 1980cm3.

198Cn? is the maximum possible error.

This seems a large error, but if we compute thetixed error"j:’| 1;2?)30
volume.

= 0.011, this is only 1.1% of the

Homework 14.3

1. Give an equation of the tangent plane and nornzibvéo the graph oz = ¥ y° at (2, 1).
Ans: z=4(x-2)-12(y- 1+ 4, <4,-12,-1>.

2. Givenf(x,y)= X +In y, find a normal vector to the surface and the équoaif the plane tangent to
f at the point (3, 1). Ans: <6,1,-1>; 6x+y-z=10

3. Give a formula for the linear functidr(x, y) such thag—l" =6, % =-3,and(0,0)=7
X

Ans: L=6x-3y+7

4. (a) Give a formula for the linear functidufx, y) whose graph is the tangent plane to the graph of
g(x, y) = sin(77x) + cos(@ry )atx = 1,y = 1. (b) How closely does (1.02, 1.03) approximaig(1.02, 1.03)?
Ans: a)z=-7m(x-1)—1, b) 4.5x10°

5. Givenz=x% + xy—xy*find the differential d =~ Ans: d = (2xy+2y— y?)dx +( X>+2x-2 xy)dy

6. The work done by a constant force of magnitBdm an object that moves a distas@ong a straight line at
an angled with the direction of the force M/ = Fscosf. The forceF is measured to be 10Ib with an error
no greater than 0.1 Ib.; the distasde measure to be 100ft. with an error no gredi@n bne inch; and the

angle is measured to (38 with an error no greater that one degree. Userdifitials to estimate the
maximum possible error in the work if the measwaldies are used to calculate it. Hintdlis in degrees, the

derivative ofcosd becomesd—co T ol=-""sij " g]|. ans: | AW k18.1 ft-Ib
dé 180 180 180

7. The height of the frustum a right circular cone is measurcetd 3 in with an error no greater than 0.01in.
The radiuR of the base and the radiusf the top are measured to be 10 in. and 5in &iitbr no greater than
0.03in in each measurement. . Use differentiastimate the maximum possible error in the computed

volumeV :%nh( R + Rr+ 1) of the frustum. AndAV K 6.07 irt.

8. Find the tangent plane and normal vectar +f (X, y) = x siny) at (2, Z) Ans: z=x

9. Find the equation of the tangent plane and normetior toz = 8" at (2,7, 1). Ans: y+z=t + 1.
10.Givenz = x? + 3xy —V?, find the differential dz at the point (1,1). ABdx+dy

11.Find the linearization df(x, y) = e‘cogx y) at (@/2, 1). Ans:L(x, y) = —e™?(x-%) —egg(y —1).



12.The radius and height of a right-circular cylindee measured with errors of at most 0.1 inches.each
If the height and radius are measured to be 1@®mahd 2 inches, respectively, use differentials to
approximate the maximum possible error and relagiver in the calculated value of the volume.

Ans: AV = V<447 in®; | 2] < 0.11

14.6 The Chain Rule

Thechain ruleis a formula for computing the derivative of thergosition of two or more functions. That
is, if f andg are functions, then the chain rule expresseseheative of the composite functidr g in
terms of the derivatives éfandg. The counterpart to the chain rule is the suliggiturule in integrals.

Chain Rule1 (Two to One)
. d af d af d d a

If z=1 (x, y) with x = X(t) andy:y(t),d—i=éd—’:+£d—3t’=ﬁcd—’:+fyd—3t’.

eg20 Letz= (xy+ 1Y withx =t y= 2.

ez _ , dx

ac - X

=4(23+ 1) (A2 +12) = 122(2t3 + 1).

+2,2 = 2y(ey + D(20) + 2x(ry + D(@) = 40y + Dt + %)

To check we can do the composition of functiongic&
z=(xy+ 1P withx=t2,y=2t, z= (2% + 1), and% =122 (263 + 1).

2l Letz = f(x,) = In(x? +y2), x = 1/t,y = t2. FindZ. Ans: 2(-1+27)
at t(1+5)

eq 22 Suppose the temperature at each point on a gayreen byT =./x2 + y2 degrees and the bug'’s
position at time seconds is given by= (t — 2f, y = (t — 2f. Determine the rate of change of the

temperature experienced by the bug as it passmsgihithe point (1, 1). Ans5/v/2 degrees per second

eq 23 Letz="f(x,Y) =x2 + Xy* wherex = sin(2t) andy = cogt). Find%ltzo.

dz

2 = (2xy + 3y") (2cog21)) + (2 + 12?) (= sin (1)) }0 = 6.

eg 24 If two legs of a right triangle are increasin@& cm/min. and 3.0 cm/min. respectively, at wiadés
is the area increasing at the instant when bothdeg 10 cm long?
Ans: 25cni/min

Chain Rule 2 (Two to Two)
01 0x | 010y o407 _ 9f0x | 90y

. 9
Ifz=f(x,y)W|thx=x(s,t)andy=y(s,1)a—§=££+ayas 2t =rac T oy

eq 25 If z=e*sin(y) wherex = s andy = s, find % and%.

2 = ersinfy) (1) + excogy) (2s1) = " sin() () + e+ cogs?) (2s9).
22 = ersin (y) (2s) + excogy) () = et sin(s?) (2s) +°cog ) ().
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General Chain Rule1in Three Variables (Threeto One)
If w=f1(X,y, 2 with x=x(t), y = y(t) andz = z(t).

dw _dfdx | dfdy |, dfdz
dt ~ dxdt dydt 9dzdt

eq26 lfw=Ff(x,y, 3 =+/x%—y%+ 2z2 wherex=t?,y =In(t), z=v3 + t, f|nd at (1,0, 2). Ans:1

General Chainrule2in ThreeVariables (Threeto two)

If w=1f(x,y, 2withx=x(r, s),y=y(r, s) andz = z(r, )

ow _0f0x | 0f0y  0f9z 9w _0f9x  0fdy 050z
ar  dxor 9dyadr  9zdr ds 9xds dyds 09z0s

General Chainrule3in Three Variables (Threeto three)

If w=f(x,y, 2withx=x(r,s,),y=y(r, s, ) andz=2z(r, s, )

ow df ox  0f 0 af 0z ow df ox 0f 0 af 0z
Ow _0fox | 9rdy 00z dw _0f9x 919y 010z
ar dx or  dy Or 0z Or "’ 0Os 0x ds 0y 0s 0z 0s

ow _0rox | 0foy 910z
at  odxat 9dyadt 0z dt

eq 27 If w=x% +y?Z> wherex =rsé€, y =rs?e! andz = r’s sin(t) find aa_vsv_
Z‘: Z‘;/ Zj %% Z—‘Z% = (4x3y)(ret) + (x* + 2yz3)(2rse™") + (3y%z2)(r?sin(t)) =
4(rset)3 (rs’e’)(ret) + ((rseH)* + 2(rs?e ) (r?s sin(t))3)(2rse ")

+ (3(rs?e YH)?(r?s sin(t))?)(r? sin(t)).

Implicit Differ entiation For mula in 2-Space

Supposd-(x, y) = 0 defineg/ implicitly as a function ok, that is ifF(x, f (x)) = 0

Wherex =X,y =f (X).
JOF dx OF dy

By chain rule 1—— + Fyax =0 or— —F /F

eg 28 F|nd |fx2 xy=0

Fy (2x-y) _ 2x-y
Fy (=x) x

SinceF (x, y) = X? — Xy, % =—

eg29 Flnd —if X3 + 8 = 6xy.
SinceF(x, y) =3+ 6Xy’E =B _ 36y x°-2y

Fy 3y2-6x  y2-2x
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Implicit Differentiation For mulain 3-Space

Supposé- (X, Y, 3 = 0 definexz implicitly as a function ok andy,
F(x, ¥, f(x,y) =0, wherex=x,y =y, z=f (X, y).

. OFdx OFdy , OF 0z _ . dy a_z _
By chain rule 25— +——=+—=—=0. Slncea =0,-= -k / F,.

dx Odydx 0z 0x
0z . . " 0z _
% is found in a similar wag; =-F /F,.

eq 30 FindZ—i andz—; if x3+y8 + 22 + 6xyz= 1 by both implicit differentiation and by usifymulas.

SinceF(x, y, 2 =x3 +y3 + exyz— 1 =0,

0z 3x2+6yz x%+2yz
= B == Ty
ox 3z2+6xy z242xy
0z 3y2+6xz 242xz
—=—Fy/FZ=—y =X _
ady 3z2+6xy z242xy

Homework 14.6

1. 7. A 13-ft ladder is leaning against a verticallfs¢e figure) when the man begins pulling the foot
of the ladder away from the wall at a rate of 1/5fHow fast is the top of the ladder sliding dow
when the foot of the ladder is 5 ft. from the wall? Ans: -1/12 ft/s

2. If two resistors with resistanc&s andR: are connected in parallel, the total resistan@gsured in
ohms QQ), is given by}l; = Ri + Ri . If Ry andR: are increasing at rates @23s and 0.2)/s,
1 2

respectively, how fast R changing whemR; = 80Q andR,= 100Q? Ans: 107/81@)/s.

3. Use the chain rule to fin‘?gi— if z=x2 +y?% x=st y=s—t. Check your answer by doing the
composition of the functions.
Ans:% = 25¢P-2(s—t)

4. Find%—f if w=sin(2x—y), x =r sin(s), y =r s by using a chain rule.
Ans: Z—f = (2r coqs) —r) cog2rsin(s) —r )

s d — 0 ifx(0) = _7 X oy= 4 W o= g2 F '
5. What |Sa[F(x(t), y(1))] att =0 ifx(0) = 3,y(0) = 7, p (0)= -4, at (0)= 6’o"x (3, 7F i and

dF
f— t) -
_0"y (3,7)= 2? Ans: -20
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6. Evaluate%/for the following implicit equations:

X

a) X—2y*+1=0 Ans: Y - X
dx 2y

b) 2 sinky) =3 Ans:ﬂl:——y
dx X
dy X+ 'y

Z+2xy+y*=4 Ans:—==
INE Ty dx 2y + x

7. Find z andz, for by using the formulas derived in this section

= . yZ+Sln(x+y+z)) _ (xz+sin(x+y+z))
= +V+ = Jo o T e — _ (e \AryTe)
a) Xyz=cogXx+y +2) Ans:z = (stm(ﬂym ) Zy P ———

b) X +y2—ZA=2Xy+z) Ans:z= (x_y_z); 7, = (ﬂ)

+z xX+z

0) B+ +P+xyz=1 Ans: z=— (2 +2yz) (3y +2"Z)

z2+42xy 3z24+2xy

2z-2xy+3y2z2 2x2z-2xy+3y2z2

i — 2 . — yz2 cos(xyz)+2x ) - _ ( xz2 cos(xyz) )
®) zsitxy 2 X Ans: = i sin(xyz)+xyzcos(xyz)

sin(xyz)+xyzcos(xyz)

-5

d) X2 — Xyz+ VA =3 Ans: z = ( 2xz%-2yz ); 2 =— (‘2"2—”3’23)
-(;
2

2

8. Use implicit differentiation to f|n§— if x“z°—-2xyz= 3. Check your answer with the formulas

derived in class. Ans— —==
-y Fz xXz—=y

9. If two sides of a rlght triangle are increasat@.0 cm/min each. At what rate is the hypoteruitke
triangle increasing at the instant when one sidedsm long and the other side is 4.0 cm long?
Ans:14/5 cm/min

14.4 Gradients and Directional Derivatives

Average Rate of Change in an Arbitrary Direction:
The average rate of change of the funcfi@q y) at the poinP = (xo, o) towards the point
Q = (%o + huy, yo + hw) in the direction ofi = < u, w > is given by
change in f — f (xo+huy,yo+huz)—f(X0,Y0)
Distance from P to Q h

The directional derivative dfat o, yo) in the direction ofi = < w, W > will be given by

+ hu,yo+h — ,
Dﬁf=fﬁ=}li_r>r(l)f(xo U1,Yo huz) f (X0, Y0)

f2=1=<1,0>Def =Dif =3 2=]=<0,1>Daf =Df =3 .

eg 31 Estimate the directional derivatiyg(2, 3) in the direction ofi = < 1, 1 > in the figure below:

W

13



£2(2,3) = fBA4)-f(23) _ 35-25 _ V2
u

V2 vz 2

Directional Derivative and Gr adient

Let Po(xo, Yo, Z0) be a point on the surfaee=f (X, y), and letpo (Xo, Yo) be a projection of that point on tkey
plane. All points fronpo(xo, Yo) in the direction ofi= < ui, W > will be given by
(X, y) = (X0 + su, Yo + Slp) wheres is a parameter. The surface f (X, y) can then be expressed as

z=1 (Xo + Su, Yo + Ste) wherex = x(s) andy = y(s). Since this is a function &f by the chain rule 1,

dz _dfdx | dfdy __ dx dy _
ds  dxds +6y ds = fath +fyu2 wher ds = Uy ds Uz

fis + f,u, can be written as f;., f, >+ < u; +u, >= Vf - i where
N T
V= 1+ 3 18 theNabIaoperator and

gradf=Vf =< fufy >= —fi + ] is thegradientof the functiorf(x, y).

The directional derivative of the functlan: f (X, y) in the direction ofi will be
uf___vf =< fwfy> < U, Up >.

eq 32 Find the directional derivative 6{x, y) = x> — Xy + 4y atpo = (- 2, 0) in the
direction ofz‘i =<1,2>.

Daf = Vf - =<fuofy >- <u1,u2>—

< 2x — 3y, 3x+12y > |2.0)° <f v_ = _T:J’%:%'
The Meaning of the Gradient of a Function

Dof =2 =Vf-a=|Vf ||u|cos(9) IV f] cos(8)so % = |V f| cos(6).
g|max = |V f|wher1 6 =0, and |mm = —|Vf|wher1 0 = m.

So |V f| gives the maximum change of the function whenvéwtorsV f andil point in the same direction,
and —|V f| gives the minimum change of the function whenvibetorsV f and? point in opposite
direction.

The gradient f (x, y) is a vector ifR? pointing in the direction in which the vector irases most rapidly,

and—Vf(x, y) is a vector irfR? pointing in the direction in which the vector degses most rapidly. Tivef
(x, y) lies on thex-y plane below a vector tangent to the surface panti the direction of steepest ascent.

Gradient and L evel Curves

Letz=f (X, y) =k be the level curves of the contour diagram offtimetion wherex = x(t), y = y(t), and let

7 =< x(t),y(t) >. By chain rule 1% =YL T orVf - #=0, soV f is perpendicular

dx dt dy dt
i . = dx d . . .
tor. Sincer =< d—’;,d—’t' > is tangential to the level curvés{ is normal to the level curves bfx, y).

14



eg 33 Draw the approximate gradient vecT?bf (1,1) in the figure below.

The gradient will have a magnitude and a directiSince the magnitude of the gradient is the maximu
directional derivativeﬁﬂ ~ —f — WhereAs is the change in distance, and since at (1,1)

v(1)2+(1)2

direction of maximum change seems to be along mllte/actor

\/_ , the gradient vector will be
(magnitude and dlreCtIOI% =< 5,5 > drawn from (1, 1). (Vector shown)

Note: If the scales along the axes are not the sdmagradient vector may not look perpendiculaht®
level curves (contours).

<1,1>

eg 34 (a) Find the unit vector in the direction whé(g, y) = 3 —In(y) increases most rapidly at the point
(2, 1), and (b) find the maximum rate of changéatfthat point. The unit vector in the directiohexef

increases most rapidl = =y =
p yl-ﬁfl NEEREAG 1) = ‘l_ )
The maximum rate of change—rs Dif=Vf- ;_fl = llvV’];ll = |V f| = V0.

eg 35 Givenf (x, y) =x& and the point® : (2,0) andQ : (0,2), find :
a) Dy f atP, in the direction fron® to Q.

b) Find the direction of the maximum rate of cheadf at the poinf.
c) Find the maximum rate of change of tla that point.

< 11> <-1,1> 1
a) DAf=<ey,xey> I(ZO) <12>.T:ﬁ'
of_ Vf _ <12>
DV =FA="%
c) Dos f=|Vf|=+5.

€q36 If Dgf (2, 4) V5 whenii =< —1,2 > and Dgf (2,4) = V2 whenii =< 1,1 >, find V£(2,4).
SinceD;f = Vf =<fofy > <uyu; >,
Dyf(2,4) =< a,b >- <\F\F>—\/—and<ab><

Wherer < a,b >, will give the two equationsa + 2b =

= >= 2

and a + b = 2 with solution

wsw

7
< ,b> <——>_V
@ 3’3 f
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Tangent linesto contour_curves.

The tangent line to a contour curveroat the pointXo, yo) will be given by

Vf-(@— 1) =<ffy> <(X=x), Y—Yo) >=0o0rf, (x —xo) + f,(y —¥,) = 0where < f,,f, >isa
normal vector to the contour curve at the paxatyp).

eg 37 Find the equation of the tangent linexdf y? = 13 at (2, 3) by viewing the curve as a contauve
of a functionf (x, y).

Since the function is(x, y) =x2 +y2, the gradient i¥ f(2,3) = < 2x, 2y > |23 =<4,6>. The
equation of the line will be & 2) + 6y — 3) = 0.

Homework 14.4

1. Estimate the directional derivatiyg(4,3) in the direction oii =< —3,1 > in the figure below.
-310
20

AnNs:

2. Level curves of a functioK(x, y) are shown in the figure below. Find the appratenderivative oK at the
point (10, 10) in the direction towards the orighms: 10/4

¥

4. For the level curves shown below, find the appr@tarderivative of at (3, 1) in the direction <-2;-1
Ans: 245
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5. The figure below shows level curvesggk, y). ApproximateDg g (3,1) withi in the directiorni =< 3,2 >

Ans: 5813

6. Find the directional derivative 6{x, y) =xe at (1, 2) in the direction of < 3, - 4 >. AHS%

Find the directional derivative 6{x, y) =x€ at (1, 2) in the direction making an anglesaf/4 with
the positivex-axis. Anse?v/2

~

o

Givenf (x,y)= X +In vy, find the directional derivative dfat the point (3,1) in the direction from
point (3,1) to point (1,2). Ans: -5
The temperature is given Byx, ) = x3y? degrees Celsius. Find (a) a unit vector in theatiion in

which the temperature increases most rapidly at)and (b) the maximum rate of increase in
temperature at that point. Ans: a) <3/5,4/5>; b) 20

©

10. Find the approximate the gradient ved_f)of(4,4) for the functiorf (x, y) whose level curves are shown in
figure below. AnsV f(4,4) =< %% >

I\

g
1

' 1 5

< 9

11. Find the approximate the gradient ved_f)og (3,1) for the functiorng (%, y) whose level curves are shown in
figure below. AnsV g(3,1) =< % —% >
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12. An ant is on a metal plate whose temperaturg, ) {s 3y—y* degrees Celsius. When she is at the point
(5, 1), she is anxious to move in the directiomwinich the temperature drops the most rapidly. @neeunit
vector in that direction. Ans=<5,12> /13

13.An ant is on a metal plate whose temperaturg(is y) = 2¥ y+ y /3 degrees Celsius. When she is

at the point (1, 1), she is anxious to move indinection in which the temperature drops the most
rapidly. Give a unit vector in that directioms: < —4,—3 >/5.

14. (a) Give the two unit vectors normal to the cuxyé+ 6x%y = —7 at (1, —1). (b)Give the two unit vectors
normal to the curve& —y* = 0 at (4, 2). (c) Give the two unit vectors nafriio the curve>?= 1 at (4, 2).
Hint: consider each curve as a level curve of seunfacez = f(x V).

Ans: a)+ <-13,9> /(5/10; b) + <1,-4> /\/17; ¢) £ <1,-4> [J/17.

15. If DUW (5, 10) =17 foru = <1—:23 - %> andD,W (5, 10) =132 for u =<—1, :I> I/ 2. What are the- and

y-derivatives oW (x, y) at (5, 10)? AnsW,=- 13, W= 13
16. Find the unit vectors such thaD.f (xo, yo) =1 if Of =< 1,\/5 >. Ans: u={<1,0>,<—1/2,\/§ 12>}
17. Find the set of points iryzspace wher@(ye”) =<0, 1, 2>. Ans: by inspection= 0, xy= 2
18. Find the equation of the tangent line to the lewelef (x,y) = %2 — ’1'—:) = 3 at the point (4,4). Ansx4y=12.
19. The directional derivative @=x°-3y* at (3,2) is zero. Find two vectors in those dice.
Ans: by inspectiont < 6,1> //37
20.Use the gradient to find the equation of the tantjea to the level curve off (x, y) = ¥ y* at the
point (1,-1). Ans: 6x-2y=5

14.5 Gradients and Directional Derivativesfor Functions of Three Variables

Letw =f (X, y, 2 be a hyper-surface in 4-space &a@xo, Yo, ) a point in 3-space. f = < u;,u,,uz; >isa
vector in 3-space, the directional derivative & fnctionw =f (x, y, 2 in the direction ofi will be

dw
Daf = E: Vi-a=< fuofyfz > <upuzuz>

eg 38 Find the directional derivative of function= xysinz) in the direction of <1, 1,1 >.

Gradient and L evel Surfaces

Letw =1 (X, y, 2 =k be the level surface of the function wherex(t), y = y(t) andz = z(t).
dw _ofdx ) Ofdy, 0fdz_ orVf - # =0, so the gradien¥ f is perpendicular B orV f is normal to
dt dx dt dy dt dz dt ! !

the level surfaces df(x, y, 2 atPo.

Tangent Planesto L evel Surfaces

If w=f1(X,y, 3 is differentiable aPo(Xo, Yo, 20) sincer Is normal to the level surface, tangent planééo t
level surface$ (x, y, 2 = k atPo will be given by

Vi-G=1)=< fufpf> <(x—x), =) (z—2) >=
e —x0) + (v —yo) + f(z — 25) = 0.

eg 39 Find the normal unit vector and the equatiorhefplane tangent to the level surface

f(X,y, 3 =+/x%+y2 + z2 at the point (2, 0, 0).
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Sincef (2, 0, 0) = 2, the level surfac;)&2 + y? 4+ z2 = 2 is a hemisphere of radius 2.

= . _ x y z
Vi=<ftolpfs >=< Vx2+y2+22’ \[x2+y2+22 " \[x2+y2+22

o R
Since|V f| = Wrezzry=
The tangent plane will big (x — 2) +fy (y — 0) +f; (z— 0)|2,0,0= 0, orx— 2 = 0.

Vr ~
= 1, the normakh = T l200) = L

Note: Sincez =f (x, y) can be considered as a level surface of theifumat three variables
F(xvy,3=f(x,y)—z=0, the tangent plane Fowill be given by

VF -(F=70) =< fufy,=1> < (x—x0), ¥ = ¥0),(z—2)) >=0

fx(x —x0) + f,(y — ¥9) = (z — z,). This is the same result obtained for the equaifantangent plane of a
function of two variables.

eg 40 A differentiable functior (x, y) has the property th&(l, — 3) = 2, andV f(1,—3) = < 4,5 >.
Find (a) the equation of the tangent line to tvelleurve through (15 3), (b) a normal vectaN to the
surface at the point (1, — 3, 2), (c) the tangémteto the surface=f (x, y) at (1, — 3).

a) The equation of the tangent line i&,4y, >- < (X —Xo), (y—Yo) >=0o0r 4k —1) + 5¢ + 3) = 0.
b) A normal vector to the surfaceNs=< forfy,—1>=<4,5-1>,

c) The equation of the tangent plane g, &, — 1 > < (X —Xo), (Y —Yo), (Z—20) >=0
ordk—1)+5¢+3)—¢—-2)=0.

Homework 14.5

1. Find the directional derivative 6{x, y, 2 =x’z—yx* atPo(2, — 1, 1) in the direction ofi =< 3,—1,2 >
Ans:?’d‘;/ﬁ

2. Find the equation of the tangent plane to the gfdphy) =x%* atx=1, andy = 2
Ans:z=16+48(- 1) + 32¢ - 2)

3. Find the equation of the tangent plane to the lsudiacef (x, y, 2 =x%?z =- 4 at (1,2,-1)
Ans: 1X + 4y —4z= 24

4. Give the functionw(x, y, 2= X+ y+ Zat the point (1,2,3),
a) Find a normal to the level surfacewfat the point (1,2,3x2,4,6>
b) Find the equation of the tangent plane to tkiellsurface oiv at the point (1,2,3)
Ans: x-2y+3z=14

Find the equation of all normal vectorsxte y*Z at (8,2 ,-1). Ans: +<1,-12,16>.
A fly is on a room whose temperature gty 2 is 3°y—y* —6z degrees Celsius. When she is at the point
(5, 1, -20), she is anxious to move in the directiowhich the temperature drops the most rapi@yve the

unit vector in that direction. Ans:< 5,12, —1 >//170
7. Givenf (x, y,2 =x&zand the point® : (2,0,1) and) : (0,2,2), find :
a) Dy f atP, in the direction froni to Q. Ans:4/3
b) Find the direction of the maximum rate of chaudf at the poinP. Ans:
c) Find the maximum rate of change of tla that point. Ans: 3
. Given f(x,y, 2= xé zfind:

oo

<1,2,2>
3

(0]
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a) Find the directional derivative in the direatiof < 1,1,2> at the point (-1,0,1). Ansy3/
b) Find a unit vector in the direction of the nraxim rate of change at the point (-1,0,1).

.<1,-1,-1>
AnNs: NG

c) Find the maximum rate of changef att the point (-1,0,1). Ans/3

14.7 Second Order Partial Derivatives

There will be two first derivativegai— = f, and a—f = f,; four or 2 second derivatives

Zxﬁ = frxs a—f = fyy, (Z—D = fyyand (‘;f ) fyx; 23 third derivatives; 2fourth derivatives and so

on.

eg4l If z=1(x, y) = xsinly), z = sin(y), zy = xcogy); z«x = 0,2y = —Xsiny, zy = zx = cogy). Notice that the
second mixed partials are the same since the amzts continuous.

eq42 |fZ:4X2—2y+X4y5,ZX:&(+4X3y5; Zy=—2+ 54
Zo= 8 + 123V, zyy = 20KY5; 2y = 203y z)x = 20Cy4,

Partial Derivativesin Three Variables:

If w=f (X, y, 3, There will be three first derivati\)geg = fx,Z—i =fy andZ—]; = f,; nine second derivatives
fxx Ty, T2z Ty T Ty fyx f2x f2y, 3° third derivatives, 8fourth derivatives and so on.

Linear and Quadr atic Approximations:

The Taylor polynomial in two variables aboug, (/o) of f (x, y) will be given by
Fx(x0 ¥0) (x—2x0)+ 1y (X0 ¥0) (¥—Y0) fxx(xOYO)(x %0)%+2 iy (X0,Y0) (X—X0 )V =Y0) +fyy (X0,¥0) V= ¥0)?
F(x, ) = (0, o) + - .
Frxx(%0,Y0) (X=%0)3+3 frexy (%0,50) (X—=%0)2 (¥ =Y0) + 3 fyyx (X0,0) (X—%0) (Y =Y0) * + fyyyy (X0,Y0) (V—0)?
3!

+

+ .-

The linear approximation will be
L (X, Y) =f (X0, yo) +fx (%0, Yo) (x =) + Ty (X0, yo) (¥ — ).

The quadratic approximation will be

Q (X, ) =f (X0, Yo) +fx (X0, Yo) (X —X0) +fy (X0, o) (y — ) +
fxx(XOJ’O)(X—XO)Z"'foy(XOJ’O)(X—xo)(y—YO)+fyy(xo-J’o)(y—J’o)Z
2!

eg 43 Find the linear and quadratic Taylor polynomiadbat (0, 0) of

f(x,y) =In(1+x2-y). Findf (.5, .5) exact and compare with its linear anddgaiéc approximations
f(0,0)=In(1) =0,fx= Tix?—v |(00) 0,f, = 1+x2 |(00) -1,

2x
fey = (1+x2—y)2 0.0y = 0.

Linear approximationL (x,y) = -,
Quadratic approximationQ (X, y) = — y + X2 —y?/2;
f (.5, .5)= —.28768,L (.5, .5) =— .5 with 74% relative erroQ (.5, .5) =— .375 with 30% relative error.
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Homework 14.7

. Find all four second partial derivatives b{x, y) = xcosy- ycox
Ans:fy= coy +y sinx; fy= —Xxsiny —cos;; fx= ycosK; fyy=—xcosy; fix= fxy=—siny + sirx

. Find all four second partial derivatives b{x, y) = tan*(y/x)
Ans:; fo=2XYI0¢ + Y27 Ty ==2xylx? +Y?)? f= fu= (V20) (¢ + y2)?

. Show that the following are solutions of Laplacetgiationf,, + f,,, = 0.
a) f(x,y) =ecoy
b) f(x,y) =x*-y

. Find the linear and quadratic Taylor polynomialab@d, —1) off (x, y) =y% x®

Ans: R=1-3k-1)-2¢+1); P=1-3k-1) — 2f/ +1) + 6 -1+ 6(x —1)(y +1) + (y +1)
. Find the linear and quadratic Taylor polynomial abd, —2) of f (x, y) = X2y + 3y -2

Ans: R=-10- 4(-1) + 4{+2); P=-10 — 4k —-1) + 4fy +2) -2 —1)?+ 2(x —1)(y +2)

. Find the quadratic (second order) Taylor polynorataut the point (0,0) for the function

1 L
= . Ans: = 1-2x+P4K.
f(xy) T+ oxs Show all the derivatives. Ans: Q(X,y)= 1-2x+#4%
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