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Alternative Method for Expressing Rational Functions
Into Partial Fractions

Case 1 Distinct Roots:

 Consider

                                             0 B

B+ B,

a ba ba b (1)

where the degree of  is less than the degree of  where .  The0 B B  + B , Áa b a ba b a b
partial fraction expansion will be given by

      0 B

B+ B, B+ B,
E Fa ba ba b a b a bœ  a b2

where and must be determined. If we multiply by we obtainE F ÐB  +Ña b2

 If we evaluate at , we obtain This is the same as0 B F B+ 0

B, B, ,

a b a b a ba b a b a bœ E E œÞ B œ + Þ
a

a
covering-up in   and evaluating at  a bB  + B œ +Þ(1)

If we multiply by we obtain  If we evaluate at , wea b# œ  FÐB  ,Ñ Þ B œ ,
0 B E B,

B B+

a b a ba b a ba

obtain This is the same as covering-up  in   and evaluating at F œ
0 ,

,+

a ba b Þ B  , B ,Þa b (1)

This is what is known as the Cover-up Method

NOTE: If degree of the numerator is greater than or equal to the degree of the
denominator, long division must be performed first and then partial fraction expansion
can be applied to the remainder divided by the divisor part.

Example: Find the partial fraction expansion of J B œa b B"
B B" B#a ba b

By partial fractions B" E F G
B B" B# B B" B#a ba b a b a bœ   Þ

By the cover-up method E œ l œ à F œ l œ  # àB" " B"
B" B# # B B#! "a ba b a b

G œ l œ ÞB" $
B B" ##a b

So the expansion of B" " # $
B B" B# #B B" # B#a ba b a b a bœ  



PFernandez

Case II Repeated Roots:

Consider  .where the degree of  is less than The partial fraction expansion0 B

B+

a ba b4 0 Ba b %Þ

will be given by

0 B

B+ B+ B+

E F G H

B+ B+

a ba b a b a b a b a b4 4 3œ   # "                     a b3

with the repeated power factor written as terms in descending order and where E ßFßG
and 3H B +must be determined. If we multiply by we obtaina b a b4

0 B œ E F B +  GÐB  +Ñ  H B +a b a b a b a b# $         4

If we evaluate at we obtain Cover-up method .B œ +ß 0 + œ Ea b a b
If we take the  derivative of we obtain03<=> a b4

0 w #a b a bB œ !  F  #GÐB  +Ñ  $H B +

If we evaluate at we obtain B œ +ß 0 + œ Fwa b
If we take the  derivative of we obtain =/-98. a b a b a b4 20 B œ #G  $ ‚ H B +w

If we evaluate at we obtain B œ + 0 + œ #G G œ 0 + Î#xß
w ww wa b a bor

If we take the  derivative of we obtain >23<. a b a b4 20 B œ $ ‚ H
www

If we evaluate at we obtain B œ + 0 + œ $ ‚ H œ $x H H œ 0 + Î$xß
w ww ww wa b a b2  or 

In the case where you have distinct linear and repeated factors, apply the Cover-up
Method to the terms with distinct linear factors and the term with the highest power of
the repeated factor. Find the other coefficients as described above by taking the
derivative and dividing by the factorial .

Example: Find the Partial fraction expansion of   .J B œa b B"

B B"a b$
By partial fractions B" E F G H

B B" B" B"B B"a b a b a b a b$ $ #=   

So E œ l œ  " à F œ l œ # à G œ l œ  " à H œ l œ "B" B"

B" ! " " "B "x #xa b
ˆ ‰ ˆ ‰

$

B" B"
B B

w ww

or = B" " # " "

B B" B" B"B B"a b a b a b a b$ $ #   
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Case III Complex Roots (Irreducible):

Consider  where the degree of  is less than the degree of0 B

1 B B ,B-

a ba ba b# 0 Ba b
 and the roots of  are complex of the form To1 B B  ,B  - B  ,B  -a bˆ ‰# # + „ ,3Þ

 solve this case treat the term depending on its case and expand the irreducible part1 Ba b
into where and can be determined by using the0 B

1 B B ,B- 1 B B ,B-
E FBGa ba ba b a b a b# #œ  F G

cover-up method and evaluating both sides of the equation at either of the complex roots

of  B  ,B  -# .

Example: Find the Partial fraction expansion of J B œa b B"
B B #B#a b# Þ

B" E FBG
B B #B# B B #B#a b a b# #œ  Þ

By cover-up on the first term we obtain

E œ l œ "Î#B"
B #B# !a b# Þ

By cover-up on the second term and evaluated at either root we obtain " „ 3

B" 3
B "3"3 "3± œ FB Gl Ê œ F  "  3  G Êa b

3 " 3

# # #
" 3a b

œ Ð  F  GÑ  F3 œ Ð  F  GÑ  F3 Þ  or +

If we equate real and imaginary parts, we obtain a system of two equations

G F œ F œ" "
# #

and Þ

The solution of the system is and F œ  G œ !"
#

Þ

The partial fraction expansion of   . B" " B
B B #B# #B # B #B#a b a b# #œ 

Case IV  Repeated Complex Roots
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Consider  where the degree of  is less than the degree of0 B

1 B B ,B-

a ba ba b#  2 0 Ba b
 and the roots of  are complex of the form 1 B B  ,B  - B  ,B  -a bˆ ‰# # + „ ,3Þ

To solve this case treat the term depending on its case and expand the complex1 Ba b
 repeated part into 0 B

1 B B ,B-

E FBG HBI
1 B B ,B-B ,B-

a ba ba b a b a ba b# # # #œ  2  5a b
where and can be determined by using the cover-up method described above. ToEß F G 
find  and we need to multiply by take the first derivative andD E, 5  , a b ˆ ‰B  ,B  -# #

evaluate at either root.

Example: Find the Partial fraction expansion of J B œa b B"

B B "a b# # Þ

B" E FBG HBI

B B " B "B B "a b a b a b# ## # #œ   ÞWe can find A,B,C by cover-up

E œ l œ "ÞFB G œ l F œ  "ßG œ "ÞB" B"

B " ! 3Ba b# # ß so 

H I œ FB G  HB I B  " Ól  [and  can be found by so. B"
.B B B

E B " #
3

ˆ ‰# # a bˆ ‰ ß

H œ  "ßI œ !Þ

The partial fraction expansion of  B" " B" B

B B " B "B B "a b a b a b# ## # #œ   Þ

General Notes:
Depending on the function, methods including derivatives of rational  functions (cases II
and IV) could become algebraically involved . Some times is easier to use a combination
of  systems of equations and some of the above methods.


