8.1 Integration by Parts

Consider - (u(z)v(z)) = u(x)dZ—(xI) + v(z) L dx :
We can write this as u(z) %42 = j—x(u(x)v( )) v(x) 2,

If we integrate both sides, we obtain [u(zx)=7 10le) g = jx (u(z)v(z))dz — [v(x) d“(’)daz or
Ju(z)dv = u(z)v(z) — [v(z)du

If a and b are in the interval where u( ) and v(x) are continuos, and the integrals are defined
from a to b, f z)dv = u(z)v(z)| —fa (x)du.

egl [wcos(x)dx; [2?In(x)dz, [ze'dx, [zsin(z?)dz [tan'(z)dz, [In(z)
[(In(x))*dz; [e”sin(z)dz

eg 2 Find the volume of revolution about the x-axis of the area in the first quadrant of y = in(z)
andy = 1.

eg 3 Find the volume of revolution about the z-axis of the area in the first quadrant of y = In(x)
and x = 1.

Practice

1) [23e da = ze”” (z? —1)+C

2) [z8in( x)dw = (ln(a:) H+C

3) [sin™! x)dm—msm x)+\/1—w2+C

4) [z%sin(z) = — z’cos(z) + 2(zsin(z) + cos(z)) + C
5)f ln(w)d ln(:c)+1 +C

6)[e” cos(w)dw = —e *(sin(z) + cos(z)) + C

8.2 Trigonometric Integrals

A. Integrals of the form sin™(z) cos"(x)

a.1f m and n are even, use the half angle formulas sin?(z) = —<2(22)

14cos(2x)
5 —_— .

2

, cos*(z) =
eg 4 Find the volume generated when y = cos(x) is rotated about the z-axis in [0,7/2].

By the Disks method, v = 47Tf07r/2008 (z)dx = 27rf0 1+ cos(2x)dx = 27 (x + sm( )> 3/2 2

cu. units

b.If m is odd and n even, save a sine and make the rest of the factors cosines by using a
Pythagorean identity.

eg 5 [sin®(x)cos?(z)dx = [(1 — cos*(z))cos?(z)sin(z)dx = %(I) — %;(x) +c

c. If m is even and n odd, save a cosine and make the rest of the factors sine by using a
Pythagorean identity.



g6 [ Fcpde = [ U eos(@)de = 2 5in(e) - 2 =

)
2 /sin(x )(5 — sin?(z)) + ¢

B. Integrals of the form sec™(z) tan™(x)

a.If m is even, save a sec?(x) and make the rest tangent by using a Pythagorean identity.

eg7ftcm5 ysect(x dx—ftcm (tan()-i—l)sec()dx:m”Tg(x)_i_%_i_c

eg 8 [ sect(x dac—f(tan()—l—l)sec()da:—mn()—l-tan( )+c
b.If n is odd, save a sec(z)tan(x) and make the rest secant by using a Pythagorean identity.

eg 9 [tan’(z)sec®(z)dx = [(sec?(x) — 1)sec’®(x) sec(x)tan(z)dr = % + % +c

c. If m = 0 and n even, save a tan () and change the rest to secant by using a Pythagorean
identity.

eg 10 [tan?(z)dz = [(sec®(z) — 1)dz = tan(z) + z + ¢
eg 11 Find the area bounded by y = tan?(x) and the z-axis between x = 0 and = = /4.
fﬂ/4tcm (x)dx = 5/4 (sec?(z) — 1)tan?(x)dx = 7r/43602( Ytan?(x) — tan®(z)dx =

foﬂ/48€c (z)tan?(x) — (sec?(z) — 1)dx = (% tan(z) + x>|7r/4 =72

d. If n = 0 and m odd, do integration by parts.

eg 12 [sec?(z)dx = sec(z) tan — [sec(z)tan*(z)dz =

sec(x)tan(z) — [sec(x)(sec*(z) — 1)dx =

sec(z)tan(z) — [sec’( )dx + fsec Ydx.

Since fsec r)dz = sec(x)tan(z fsec z)dx + In|sec(x) + tan(zx)|, by solving for

[ sec?(z)dx we obtain fsec )dx = L (sec(z)tan(z) + In|sec(x) + tan(z)|)

C. Integrals of the form csc™(z) cot™(z)

a.If m is even, save a csc?(x) and make the rest cotangent by using a Pythagorean identity.

eg 13 [cot*(z)csc*(z)dx = [cot*(z)(cot?(x) + 1)csc?(x)dx = 700;7(:5) — COt;(x) +c
b.If n is odd, save a csc(z)cot(x) and make the rest cosecant by using a Pythagorean 1dent1ty

eg 14 [cot’(z)csc®(z)dx = [(esc?(x) — 1)esc®(x) esc(x)cot(z)dr = _C‘sgg("") — (Of( )4




Practice:

1) [tan®(z)dz = t“" Z _tanzr —zT+c

2) [tan3(z) sec3(w)dx = s’z _ sec’s 4 o

3) [tan®(z) sec*(z)dz = 2 + WL 4 ¢

4) [tan?(z) sec(z)dz = éseca:tanw — lin|secz +tanz|+c
5) [cot®(z) csc3(z)dz = — c“’c z 4 cscax +c

6) [ csc(z)dz = —In|cscz + cota:| + c

) Jeot?(@) cse'(a)dz = — 5= — = 4
) cot?(a) do = — 4= — Inlsina| + ¢

8.3 Trigonometric Substitutions
A) Integrals odd powers of \/a? — 2?2 , use x = a sin(f) as substitution.

eg 15 Find [ Y > da
If we use the subst1tut1on x = sin(0) we find

[¥5Ede = [ S50 cos(0)d0 = [cot®(0)df = [(csc*(6) — 1)df =
—cot(f) — g = — V==

— sin"!(x) + ¢ after making a triangle with angle 6.
B) Integrals odd powers of \/a? + z? , use x = a tan(f) as substitution.

eg 16 Find [ ﬁjﬁ
If we use the substitution x = tan(#) we find
sec?(0) cos(6) _ VAl . .
/= m =/ T I @)sec) 00 = J i@ d0 = —csc(0) = — Y= + c, after making a triangle

sin?(0)

w1th angle 6.

C) Integrals odd powers of /22 — a? , use x = a sec(f) as substitution.

If we use the substitution x = 2sec(0) we find
i \/d"" = [?acl®ton®) qg — [sec(f)df = In|sec(B) + tan(8)] = In| L2 V22 + ¢, after

22—4 2tan ()
making a triangle with angle 6.

eg 18 Find f?’\/_ Vero9 gy

If we use the substitution z = 3sec(#) we obtain

VAL gy = 3 [ om0 dO = 3(1 — 7/4)



1/3 dx
€g 19 Flndf W

If we do the subtltution T = 1tan9 we obtain

/3 da /4
fo/ (9ac2c-l+1)3/2 —3 0/ cost df = i

1

eg 20 Find the volume of revolution about the z-axis of the area in the first quadrant of y = ——=

and the line z = 1. Ans: 7(§ + 1)

Practice
)f 2\;:+x2 _ \/4+$ +e
£/ I,'2
)f,gm (%) Tt

3)]r —xm+2l |—“m|+0
4)]10M A — Jn|2 + /3] — In|\/3]

5) [t = |5~ Jarctan(52) +¢
)f”” Vi T =in|V2+1

7)fo 3/2 = i
n

8.4 Integration by Partial Fractions
Case I Distinct Linear Factors (H eaviside " Cover-up" Method)

eg20 Find f—qdw

2

By partial fractions I(F—“ 4, B 4 C

z—1)(z—2) = =z (z—1) " (z—2)"
By the cover-up method A = %b = %; B= 7%’?:12) = —-2;C= xf;—ln l, = %or

z+1 1 2 3

w(z—D)(z—2) — 2¢  (z—1) +2(x72) :

241 _ 1 2 3 o Va@=2)*?
So fx(xfl-;_(fo) dx = f% B ($,1)+2($,2) dr = ln‘WH—c
eg 21 Find f—erl)d

2 2 L z 12 1/2
Since m =x+ W by long division, and e = -1 + o41) by the

Cover-up method, f—dx—fx+ 1/2)4— (;/fl)dx—’;—kln z?2—1+c¢




Case II Repeated Factors

eg 22: Findf%(“:’jill)3 dx.

By partial fractions (r+11)3: 44+ (Ii)s + (I,Cl)

_ x4+l
- (x 13|0

Ta 1 2 $+1 _
S0 F(I“tl)}_ Tz + (.7/-_1)3 - (F 1)2 + (7 1) Orf d:[;
1 2 1 z—1
f_5+($71)3_(x71)2+( )dx—ln\ ‘—x )2+( )+C
eg 23 Find [ —H —du
By partial fractions ——— = xZ-(v;j)Q: 4484 (xi)? n (x - where

42 42
A=oplo =2, 0= =3: B= ((”2) Io=5;D=@I1=—5

or 332@:21)2: el ﬁ EF F+21)2 do =

2 5 3 = — 2
J#+2+ 5 e =nls i@ te
eg 24 Find [ % 2; dx

This integral can be found using partial fractlons, but if we look closely we can see that if
u=az'—2z% du=4(2® — z)dz, sof42$ de = 1 [% = Lin|z* — 222 + ¢

Case III Irreducible Quadratic Factors

eg 25 Find [ - xﬁl x.

x4+l A 4+ Bx+C
z(z2+1) — =z (z2+1)°

by cover-up on the first term we obtain

A= (9@111 |, = 1. By cover-up on the second term and evaluated at either root + ¢ we obtain

th|  =Br+Cl,; 5 1+i=B(-i)+C = 1+i=C-Bi

If we equate real and imaginary parts, we obtain C' = 1, B = — 1. Since the partial fraction
expansion of x(iin =14 (;fjll), /- xﬁl = f1 ﬂﬁjll dr = l”\/ﬁ'ﬁ +tan"(z) + c.
eg 26 Find f IJ{L dx by using systems of equations.

Since sy = 44+ 5,72110), by cover-up A =150 72555 = 1y (BELC)

If we multiply by the LCD of all the fractions, we obtain z + 1 = z? + 1 + 2(Bx + C) or



r=2*+z(Bzx+ O).

If we evaluate the expression at any number, say x = 1, we obtain B = — C'.
If we evaluate the same expression at another number, say x = — 1, we obtain — B+ C = 2.
If we solve the system, we have C' = 1and B = — 1. Since the partial fraction expansion of
1 _ 1, —a+l 1 = (L4 el |z] -
x(i;—s—l) =5t (.7,-9204:)’ f.q,-(ﬁﬂ dz =[5+ 9204: dz = In /—;H +tan”'(z) +c.
eg 27. Find f TeTe AT
Since = +1) ( o) = éﬁiﬁ + gﬁig, by cover-up on the first term we obtain

By cover-up on the first term evaluating at either root + 7, we obtain ﬁ |, =Bz +C|,
= %z = Bi + C'.If we equate real and imaginary parts, we obtain, B = %, and C' = 0.
By cover-up on the second term evaluating at either root &= 37, we obtain

2+1 |y, = Bx+C|y; = — 2i = B3i + C .1f we equate real and imaginary parts, we

8
obtam B = —% and C = 0.

Since the partial fraction expansion of g = 12/51 + (;2112) )

(z 2+1
2) o

2 0) ——dr = 1ln(
Basic Integration Procedures

] e de

1) Basic Substitutions
f\/% z=+/z?+ 2z + 3+ c, by the substitution u = 2% + 2z + 3.
b [ =2 dy = 1ln\x3 — 322 + 1| + ¢, by the substitution v = 3 — 3x? + 1.

x3— 3 241
cfH pda = tan” "2z -3)+¢
Try [ —— exﬂ,z dx ANS: tan~!(e”) + ¢

2) Completmg the Square
a. [ = f¢:sm*1(”—)+c
\/83; z? V16— 16+8x z? [16—(2—1)? 1
b.f—dx—f—dx—tan H52) + ¢
22—62+13 ( 3)2 422
c.f\/% \/T—sm Yt—1)+c

Try [ \/ﬁ ANS: sin 1(t—2) + ¢

3) Trigonometric Identities



a. [tan(x)csc(x)dz = [sec(x)dx = In|sec(z) + tan(x)| + ¢

b. [esc*(x)sin(2x)dx = [2cot(z)dz = In|sin(z)]* + ¢

c. [(sec(z) + tan(z))’dx = [(sec?(x) + 2sec(z)tan(z) + tan®(r))dx =

[ (sec?(z) + 2sec(z)tan(z) + [sec?(x) — 1])dz = 2tan(x) + 2sec(x) — z + ¢
Try [ (sec(x) + cot(x)) *dz ANS: tan(z) = 2ln|csc(z) — cot(z)| — cot(z) — x + ¢

4) Reducing Improper Fractions

a. [ de = f(x—3+ 55 )de = & — 3z + 2In|3z + 2| + ¢

bfofrldx—x—tan Yz)+c
c. [ = 20 dx—f2x+xZ%ﬁdaz:x2+ln|x2—1|+c

Tryf‘“_;—gw’dx ANS: 222 — z + 2tan™ (%) + ¢

5) Separating Fractions
a. f o aloc—f(\/llr2 — \/1:” )dxzsin_l( )+ l1—z2+c¢

bf“z xl —f(\/— 1)dx—\/:c— + In(x

2$x

c. fOW/LL 1;;272())dx = tan(z) + sec(x)|0 =2
Try ,?255dz  ANS: T —In(2)
6) Substitutions

An integral containing a term (az + b)”/%, letu = (az + b)"/*

= (1+2)"*, 2 =1+, 2udu = dzso

1+

d
f \/ﬁ_? fu? pdu = ln\u+1|+c ln‘\/1+ +1|+C

bf o letu = 2V ul = 2, Addu = da; so [ =4[~ “

=4fu+1—5du= 4(“7 + u+ Inju — 1|) c= 2x1/2+4x1/4+4ln|x1/4 —1l+¢

1/2 dx

,ut =z 41, 2udu = dzso [

L de = letu=(z+1)
z(x+1)2 x $+1)
z+1

:f(UQ 1)u2du_ uil _%H—%d'u,: ln‘%|+a+02lnlm+l|+ — +C

Tryf\/— dx ANS: In |\/—+1|+c

8.8 Improper Integrals



The definition of the Riemann integral f{ f f(x)dz as a finite limit of a Riemann sum can only be
used if the interval of integration is finite and the function is bounded on that interval. Improper
integrals have unbounded functions in interval of integration or infinite intervals of integration.

Improper integral can Converge, Diverge to + oo or Diverge without limit.

eg 28 a) Improper integrals of unbounded functions

5 1 31 1 3 dx
I dex Jo 7rda Joln(z)dz [ J9—22
eg 29 b) Improper integrals with infinite intervals of integration
[° Ldx diverges; [ L dx converges to 1; [ L da converges to p%l for p > 1;

1

Jo sin(x)dx diverges without limit; [* —'

o0 .
dx converges to m; |, T%dx diverges to co;

11 T . c el 1 1 T . o0 dx
J_1;dx = diverges without a limit; [, ~5dz = diverges to oo; [° %=

converges to /2.

z2-1

Find the area bounded by f(z) = —2 in [3,00]; area bounded by f(z) = \/% in [0,1].

Comparison Test for Improper Integrals.

Let f(x)and g(x)be continuos functions such that f(x) > g(x) forz > a.
If [ f(z)dx converges, [ g(x)dx converges. If [~ g(z)dx diverges, [, f(x)dz diverges.
eg 30 [, H—dz diverges since , 2~ > L and [[™1 dx diverges. (p = 1)

X

eg31 [~ \/ﬁdx converges since , —f— < % and [,”° & dx converges. (p > 1)

-

eg 32 fol%dx converges since , ‘\’/7 < % and folﬁdx converges.




