
7.2 Exponential  Functions and Their Derivatives

An exponential function is a function with its independent variable in an exponent. The basic
exponential function is defined as ,  >0,  is the  intercept, and  is called0 B œ +, , , Á "Þ + C ,a b B

the base.  If , the function describes decay. If the function describes growth.!  ,  " ,  !

Some Terminology:
Let  be an initial number and a final number;3 0
[Growth factor from  to ]  3 0 œ 0

3

[Relative change from  to ]3 0 œ 03
3

We can see that the relative change from  to is  growth factor or3 0 œ  " œ  "03 0
3 3

the growth factor  relative change  .œ " 

eg 1 Consider a population of 100 that  increases by a factor of 3 every month so
T œ "!! ‚ > Þa bt 3  where  is given in month   (growth factor 3 per month )>

eg 2 Consider a population of 100 that triples every 2 years, so t 3  where  isT œ "!! ‚ >a b >Î#

given in years, (growth factor of 3 per year), or t 3  where  is given in months"Î# >ÎT œ "!! ‚ > Þa b 24

(growth factor of 3 per month )"Î24

eg 3 Consider a population of 100 increases by 2% every 3 years, so tT œ "!! ‚ "  Þ!#a b a b>Î$
where  is given in years, with growth factor of 1.02  every 3 years or growth factor of> a ba b1.02 per year with relative change of 2% every 3 years."Î$

eg 4 Consider a population of 100 decreases by  every 1/2 year, so t"Î& T œ "!! ‚ "  Þ#a b a b 2>

where  is given in years or t   where  is given in months.> T œ "!! ‚ "  Þ# >a b a b >Î'

eg 5 Graph ; ; 0 B œ # à 0 B œ $ à 0 B œ / 0 B œ #  " 0 B œ  /a b a b a b a b a bB B B B" B"

Compound Interest À
Suppose you invest $ 100 (the principal )  at an interest rate of 10% reinvested at the endT < œ
of the year. The table below shows the amount of  money you will have after  years.E >

 0 1 2 3> >

E > "!! ""! "#" "$$Þ"!

E > "!! "!!Ð"  Þ"Ñ "!!Ð"  Þ"Ñ "!!Ð"  Þ"Ñ "!!Ð"  Þ"Ñ

a b
a b # $ >

In general you will have the compound interest formula  E > œ T "  < Þa b a b>



If you compound times per year, the formula becomes 8 E > œ T "  Þa b ˆ ‰<
8

8>

The table below shows the same investment after one year for different values of .8

 E88?+66C =/73+88?+66C U?+<>/<6C Q98>26C H+36C

8 " # % "# $'&

E " ""! ""!Þ#& ""!Þ$) ""!Þ%( ""!Þ&#a b
We can see that as  increases, the rate of increase is decreasing.8

To consider what happens as  lets find  8p_ T "  Þlim
8Ä_

<
8

8>ˆ ‰
Let or Since as , , the limit becomes< "

8 B
œ 8 œ B<Þ 8p_ Bp_

   Since it can be shown thatlim lim
BÄ_ BÄ_

" "
B B

B<> B <>

T "  œ T "  Þˆ ‰ ˆ ‰’ “
  ,  the compound interest formula  becomes e aslim
BÄ_

B <
8

8> >a b a b a bˆ ‰"  B œ / E > œ T "  E > œ T r

8p_

eg 6 Show ;                      / œ "  œ "  8 / œ !à / œ _lim lim lim lim
8Ä_ BÄ_ BÄ_

"
8

8

8Ä!

"Î8 B Bˆ ‰ a b
eg 7 Find     ;       lim lim

BÄ

>+8 B "Î #B

BÄ#1
#
 
/ /a b a b

Derivative of 0 B œ /a b B

By definition .lim lim lim lim
2Ä! 2Ä! 2Ä! 2Ä!

0ÐB2Ñ0 B

2 2 2 2
/ / / " / "B Ba b

œ œ / œ /
a bB2 B 2 2Š ‹ Š ‹

Since , if where the slope of the tangent line at   islim
2Ä!

/ "
2

B Bw
!Š ‹ a b a b2

œ " 0 B œ / ß 0 B œ / B œ B

the value of the function at that point Þ
If  by the chain rule 0 B œ / ß 0 B œ / Þa b a b? B ? Bw .? B

.B
a b a b a b

eg 8 ;   Find the derivative of:  ;   .0 B A > œ = > œa b a b a bœ />+8 BÈ / /
> "

> >

# >

È
e

eg 9 Give the equation of the tangent line to at its inflection point.C œ B/B



Integrals Involving Exponential Functions

eg 10       Evaluate  ;   ; e e' ' 'a b!
" # >+8 B "ÎB # +B +B=/- B / .B / ÎB .B .B œ  -a ba b   1

a

eg 11  Find the average value of in .0 B œ #B/ Ò !ß $Óa b B#

     0 œ 0 B .B œ #B/ .B œ+@/
" " %/

,+ $ $+ !
, $ B' 'a b # *

7.3 Logarithmic Functions
Logarithmic function as the inverse of the exponential function
Consider 0 B œ #a b B

1) 1-1 by graph
2) B œ # à C œ 691 B œ 0 BC

#
"a b

3)  0 0 B œ 0 0 B œ Bˆ ‰a b a ba b" "

The inverse is where C œ , C œ 691 B 691 B œ Þ

 ! 30 !  B  "

! 30 B œ "

 ! 30 B  "

B
, ,

Ú
ÛÜ

If the inverse of is , œ /ß C œ / C œ 68BB

Properties of logs:

1) property of inverses691 , œ , œ B à,
B 691 B, a b

2Ñ 691 ÐB‡CÑ œ 691 B  691 Cà 691 ÐBÎCÑ œ 691 B  691 Cà 691 B œ C 691 B, , , , , , , ,
C

3) change of base formulas691 + œ ß , œ / œ /-
691 +
691 -

B 68 , 68, B,

,

B a b  a b
Consider a population of base 2 given by  t .T œ "!! ‚ #a b >Î$

If we need to express the population in term of base t , we have to change from/ß T œ "!!/a b 5 >

base 2 to base . So  = or is called the  of the/ # / 5 œ 68 # Î$Þ 5"Î$ 5  a b relative  of changerate
population or tT œ "!!/ Þa b 68 # >Î$a b

The  =  percentage  of change relative  of changerate rate ‚ "!!

This rate will also be represented as  t
t

T

T

†a ba b œ 5Þ

eg 12 A man has a concentration of 10  of lead in his blood. His body eliminate the lead71Î6
with half life time of 16 days. What will be the relative rate of change of the concentration of
lead in his blood ?
Sol:  Since we only know the derivative of an exponential with base , we can change  to base/
/ß G > œ "! ‚ "Î# œ "!/ Þ 5 œ 68 "Î# Î"' œ  68 # Î"'or  So .a b a b a b a b>Î"' 68 "Î# >Î"'a b



Derivative of :C œ ,B

Let =0 B œ , , œ œ , ,a b a b Š ‹ Š ‹B B B B. , , , " , "
.B 2 2 22Ä! 2Ä! 2Ä!

lim lim lim
a bB2 B 2 2

But since ,, œ / ß , œ / œ / 68 , œ 68 , ,B B B68, B 68, B 68, B. .
.B .B

a b a b a ba b a b a bˆ ‰
we have to assume since lim lim

2Ä! 2Ä!

, " , "
2 2

B BŠ ‹ a b Š ‹ a b2 2

œ 68 , , œ , 68 , Þ

If , 0 B œ , 0 B œ , 68 ,a b a b a bB Bw

In general   ..
.B .B

? B ? B .? Bˆ ‰ a b, œ 68 , ,a b a b a b

Likewise ' ', .B œ / .B œ  -B B 6 8 , ,
68 ,

a b a b
B

eg 13 Evaluate ' #  B .B œ   -ÞB # # B
68# $

B $

eg 14 Evaluate ' B# .B œ  -ÞB #
#68#

# B#

eg 15 A man has a concentration of 10  of lead in his blood. His body eliminate the lead71Î6
with half life time of 16 days. What will be the concentration of lead in his blood and how
rapidly is it decaying  after 32 days.
Sol: so   soG > œ "! "Î# G $# œ 71Î6 Þ G > œ "! "Î#a b a b a b a b a b>Î"' >Î"'&

# "'

68Ð#Ñ† a b
G $# œ ¸  "!Þ)
† a b  6 8Ð#Ñ 71 71

6 .+C 6 .+C

5  
32 % 

eg 16 A population of 100 increases by 2% quarterly. Find the relative rate of change  (a) per
month b  per year.a b
Sol: a) Quarterly (3 months)  . t

t
T 68 "Þ!# 68 "Þ!#

T $ $

"!! "Þ!#

"!! "Þ!#

†a b a b a ba b a b
a bœ œ

>Î$

>Î$

If we change the base to  = Since is the relative/ß "!! "Þ!# "!!%/ œ "!!%/ Þ <a b>Î$ 68 "Þ!# >a b>Î$ 68 "Þ!#
$

a b
 

rate of change,   < œ œ Þ
 t

t
T 68 "Þ!#

T $

†a b a ba b
b) Quarterly 4 times a year   a b a b a b t

t
T

T

"!!‚ "Þ!#

"!!‚ "Þ!#

†a ba b a b
a bœ %68 "Þ!# œ %68 "Þ!# Þ

%>

%>

If we change the base to  = Since is the/ß "!! "Þ!# "!! ‚ / œ "!! ‚ / Þ <a b%> 68 "Þ!# %68 "Þ!# >a b a b%>

relative rate of change,   < œ œ %68 "Þ!# Þ
 t

t
T

T

†a ba b a b



7.4 Derivatives of Logarithmic Functions.

Let If or so0 B œ 68 B Þ C œ 68 B ß / œ B / œ " œ œ Þa b a b a b C C .C .C
.B .B / B

" "
C

In general   or if .. " . "
.B B .B ? B .B

.? B
68 B œ ? œ ? B ß 68 ? B œa b a b a ba ba b a b a b

eg 17 Find the derivative of :
0 B œ 68 B à 1ÐBÑ œ # 68 B  " à 2 B œ =/- B 68 "  Ba b a b a b a bˆ ‰ È#Î$ B #    #

eg 18 Find .
.B ,691 B Þa b

Since 691 B œ ß œ Þ,
68 B 68 B

68 , .B 68 , B68 ,
. "a b a b a ba b a b a b

In general  .. "
.B ? B 8 , .B

.? Ba ba ba b691 ? B œ a b a b a b
l

eg 19 Find the derivative of .
.B "!

B691 =38 /Š ‹Š ‹#
eg 20 Based on the formula D = 20 log (500P) for the decibel level of a sound in terms of the"!

variation P in air pressure caused by the sound, how rapidly is the decibel level of a scream
increasing when the variation in air pressure from the scream is 10  pounds per square inch and%

is increasing 10  pounds per square inch per second? Ans: 200/ln10 db/s.$

Logarithmic Differentiation

eg 21 Find .
.B

BÐB ÑÞÈ

a) By change of base: . .
.B .B

B B 68 B B #68 B

# B
ÐB Ñ œ Ð/ Ñ œ B Ð ÑÈ È Èa b a bÈ

b) By logarithmic differentiation: let so orC œ B ß 68 C œ B 68 B Ê C œÈ a bÈB w"
C

#68 B

# B
a b a bÈ

 C œ B Ð Ñw B #68 B

# B

È a bÈ
eg 22 Find the derivative by logarithmic differentiation of À

C œ ÐB Ñà C œ B / B  " à C œ C B   find . B "
.B B "

8 B # wÈ ˆ ‰ É a b# % #

#



Integrals Involving Logarithmic Functions

We know that , but  can only be for To consider the. " "
.B B B
68 B œ .B 68 B  - B  !Þa b a b'

antiderivative of for ,  we need first to consider for  Since" .
B .B

B  ! 68  B B  !Þa b
. " .
.B B .B
68  B œ 68 Ba b a b is the same as , we can combine the two of them as

. "
.B B

.
.B
.
.B

68lBl œ œ B Á !Þ
68 B B  !

68  B B  !
 a b

a b
for 
for 

for all 

With this result we can say  = ' "
B
.B 68lBl  -Þ

eg 23 Interpret   graphically.' ˆ ‰
&
$ " $

B &
.B œ 68  !

eg 24 Evaluate  ' ˆ ‰ ˆ ‰#B -9> B .B œ 68Ð=38 B Ñ  -# #

eg 25 Evaluate ' a b Š ‹È
!
Î$1
=/- B .B œ 68 #  $

7.5  Trigonometric and Inverse Trigonometric Functions and their Derivatives

Review derivatives of Trigonometric functions:
eg 26 A light house is 4 miles from a pier on a line perpendicular to the straight shore. Let be=
the distance from the pier to the place where the light hits the shore and  the angle between the)
perpendicular to the shore and the light beam. If the light makes one revolution in 3 seconds,
How fast is the beam of light moving along the shore when 3 °    Solution;   ) )œ ! Þ = œ %>+8
p œ %=/- l œ % œ 73Î=Þ.= . % # $#

.> .> $ $ *
#

œ Î'a b ˆ ‰) ) 1 1
) 1

Inverse Trigonometric Functions
If we restrict from then0 B œ =38 B  Î# Ÿ B Ÿ Î#ßa b a b 1 1
0 B œ =38 B œ +<-=38 B Ò  "ß "Ó Ò  Î#ß Î#ÓÞ" "a b a b a b  with domain and range 1 1
=38 Ð=38 B Ñ œ B ß  Î# Ÿ B Ÿ Î# =38 =38 B œ B ß " Ÿ B Ÿ "" "a b a bˆ ‰1 1 and 

If we restrict from then  with0 B œ -9= B ! Ÿ B Ÿ ß 0 B œ -9= B œ +<--9= Ba b a b a b a b a b1 " "

domain and range Ò  "ß "Ó Ò!ß ÓÞ1
-9= Ð-9= B Ñ œ B ß ! Ÿ B Ÿ -9= -9= B œ B ß " Ÿ B Ÿ "" "a b a bˆ ‰1 and 

If we restrict from then 0 B œ >+8 B  Î#  B  Î#ß 0 B œ >+8 B œ +<->+8 Ba b a b a b a b a b1 1 " "

with domain and range Ð _ß_Ñ Ð  Î#ß Î#ÑÞ1 1
>+8 Ð>+8 B Ñ œ B ß  Î# Ÿ B Ÿ Î# >+8 >+8 B œ B ß B" "a b a bˆ ‰1 1 and all .



If we restrict from 0 , then 0 B œ -9> B  B  0 B œ -9> B œ +<--9> Ba b a b a b a b a b1 " "

œ Î#  >+8 B1 "a b
If we restrict from  , then 0 B œ =/- B ! Ÿ B Ÿ ß B Á Î# 0 B œ =/- B œ +<-=/- Ba b a b a b a b a b1 1 " "

œ -9= "ÎB"a b
If we restrict from  then0 B œ -=- B  Î# Ÿ B Ÿ Î# ß B Á !ßa b a b 1 1
0 B œ -=- B œ +<--=- B œ =38 "ÎB" " "a b a b a b a b
eg 27 (no calculator) evaluate the expression(s) exactly:
a.  (  /2)     b.   ( ) =38  " œ  Î' =/-  # œ # Î$" "1 1

c. ( )   d. =-9>  $ œ Î#  Î$ œ & Î' =38 -9= " " $
#

È Š ‹Š ‹1 1 1
È

e. Find an algebraic function in terms of of .B C œ =38 -9= Bˆ ‰"

f. Use a triangle to show that .+<-=38 B  +<--9= B œ Î#a b a b 1

Derivatives of Inverse Trigonometric Functions

1) .
.B

"

"B
ˆ ‰=38 B œ 1È #

Proof:
Consider for If we differentiate both sides,=38 =38 B œ B  " Ÿ B Ÿ "Þˆ ‰"

-9= =38 B ‡ =38 B œ " =38 B œ œˆ ‰ ˆ ‰ ˆ ‰" " ". .
.B .B -9= =38 B "B

or  1 1a b È" #

by making a triangle with angle .)
Another Method: or  If we differentiate both sides,  orC œ =38 B =38 C œ BÞ -9= C œ "" .C

.B
a b a b

.C

.B -9= C
"

"B
œ œ Ca b È 1

#
by making a triangle with angle .

In general if ? œ ? B ß =38 ? B œa b a bˆ ‰.
.B .B

"

"? B

.? B1É a b
a b

#

2) .
.B

"

"B
ˆ ‰-9= B œ  1È #

Proof:
Since or ;+<-=38 B  +<--9= B œ Î# +<--9= B œ Î#  +<-=38 Ba b a b a b a b1 1
 = . .
.B .B

" "

"B
ˆ ‰ ˆ ‰-9= B Î#  =38 B œ 1 1È #

In general if ? œ ? B ß -9= ? B œa b a bˆ ‰. 
.B .B

"

"? B

.? B1É a b
a b

#

3) .
.B B "

"ˆ ‰>+8 B œ 1
#

Proof:
Let , so  If we take the derivative to both sides,  so C œ >+8 B >+8 C œ BÞ =/- C C œ "ß C" # wa b a b
w # "

B "
œ -9= C œ Ca b #  if we built a triangle with angle .

In general if  ? œ ? B ß >+8 ? B œa b a bˆ ‰.
.B .B

"
? B "

.? B1a b a b
#



4) .
.B B "

"ˆ ‰-9> B œ  1
#

Proof:
Since  if we differentiate the result follows.-9> B œ Î#  >+8 B ß" "a b a b1

. .
.B .B

" "

B B " B B "
ˆ ‰ ˆ ‰=/- B œ -=- B œ 1 1È È# #

 and can be found by differentiating
-9= =38" "" "

B B
ˆ ‰ ˆ ‰and respectively.

eg 28 A woman is waking at a constant rate of  towards one post of a  wide gate. If her$0>Î= %0>
path is perpendicular to one post of the gate and  is the angle between her path and the line of)
sight with the other post of the gate, at what rate is the angle increasing when she is 4  from the0>
gate.
Solution: ) œ -9> p œ œ  $ œ $Î)<+.Î== . . .= " "

% .> .= .> %"

) ) ˆ ‰=
%

# a b .

Integrals of Trigonometric and Inverse Trigonometric  Functions

eg 29    ' ' 'a b a b a b>+8 B .Bà =/- B .Bà -=- B .B

eg 30   ' 'ˆ ‰ ˆ ‰" B " " B

+ B

" "
+ + B + +È # # # #.B œ =38  -à .B œ >+8  -

eg 31  Find the average value of   in C œ Ò  &ß &Ó E8= À#& &

"!!B 'È #

1

eg 32     ' ' '" "
*B "B *%B

>+8 B
# # #

" $

.Bà .Bà .B
ˆ ‰a b

eg 33 Find  such that 5 .B œ E8= À #'
0
5 "
%B )#

1

eg 34  Find the volume generated when the area bounded by  and  isC œ ß C œ !ß B œ " B œ #"
BÈ

rotated about the -axis.  Ans: B 68 #1 a b
7.6 Hyperbolic Functions

Functions obtained from the unit hyperbola 1. They are a combination of exponentialB  C œ# #

functions with properties of trigonometric functions.

They are defined    where =382 B œ ß -9=2 B œ >+82 B œ œa b a b a b/ / / / / /
# # -9=2 B / /

=382 BB B B B B B

B B

a ba b
The symmetry properties are:
=382  B œ  =382 B -9=2  B œ -9=2 Ba b a b a b a b  

The reciprocal relations are:

-9>2 B œ =/-2 B œ -=-2 B œa b a b a b" " "
>+82 B -9=2 B =382 Ba b a b a b  

From the definition,  can be shown that -9=2 B  =382 B œ "Þ# #a b a b



From this we can derive, by dividing it by   and  respectively that-9=2 B =382 B# #a b a b
=/-2 B  >+82 B œ "  -=-2 B  -9>2 B œ "  # # # #a b a b a b a band  .

From the definition, we can derive
-9=2 B  C œ -9=2 B -9=2 C  =382 B =382 Ca b a b a b a b a b or
=382 B  C œ =382 B -9=2 C  =382 C -9=2 B Þa b a b a b a b a b
From the above (or by using the definition) it can a derive =382 #B œ #=382 B -9=2 B Þa b a b a b
-9=2 #B œ -9=2 B  =382 B -9=2 B œ à =382 B œa b a b a b a b a b# # # #-9=2 #B " -9=2 #B "

# #
, or a b a b

From the definition, and the above identities we can find :
. . .
.B .B .B

#=382 B œ -9=2 B à -9=2 B œ =382 B à >+82 B œ =/-2 Ba b a b a b a b a b a b
. .
.B .B

#-9>2 B œ  -=-2 B à =/-2 B œ  =/-2 B >+82 B àa b a b a b a b a b
.
.B
-=-2 B œ  -=-2 B -9>2 Ba b a b a b

eg 35  If Find the value of all the other hyperbolic functions.=382 B œ %Î$ßa b
Show  by using the definitions.a b a b a ba b a b-9=2 B  =382 B œ -9=2 5B  =382 5B5

Solve  = 0=382 68 B à -9=2 B  " œ "a ba b ˆ ‰#

eg 36 Find  .
.B B

#B >+82 B H =/-2 Ba b ˆ ‰
' ' 'a b a b!

" # =382 68 B

B
-9=2 B .B -9>2 B .B .B   a ba b

eg 37 Find the volume of the solid generated by rotating about the -axis the first quadrant theB
area under  and C œ =382 B C œ ! B œ 68 # Þa b a b
eg. Find the volume of the solid generated by rotating about the -axis the first quadrant the areaC
under  and 1C œ =382 B C œ Þa b
eg 38  The shape of a high-voltage line strung between 2 towers catenary  is given bya b
C œ #!  "  -9=2 B 7+ .04  meters . Find how low the line will sag. If the towers are 30"

.04 a ba b
apart, how tall are the towers.

7.7 L'Hopital's Rule 

eg 39 Consider  . This limit is called indeterminate of the form lim
BÄ!

B #B
B B B B

B #B#

$ $
BÄ!

#

BÄ!

œ œ !Î! !Î!Þ
lim

lim

So   after factoring  .lim lim
BÄ! BÄ!

B #B B#
B B B "

#

$ #œ œ  # B

eg 40 Consider . This limit is called indeterminate of the form lim
BÄ_

B #B
B B B B

B #B#

$ $
BÄ_

#

BÄ_

œ œ _Î_ Þ
lim

lim

So  after factoring  (divide num  and den.by lim lim
BÄ_ BÄ_

B #B
B B



"
$ $#

$

" #
B B#

"
B

œ œ ! B Þ B Ñ



How do we find limits if the functions are not algebraic?

eg 41 Consider This limit is of the form . If we use the tangent-linelim
BÄ"

=38 # B

B "

a b1
# Þ !Î!

approximation of  the curves and  near , we obtainC œ =38 # B C œ B  " B œ "a b1 #

œ a b a ba b=38 # B ¸ B "

B  " ¸ # B "
Þ ¸ œ B œ "

1 1
1

 2
This suggest that near , so that#

=38 # B B"

B " # B"

a b a ba b1 1
#

2

   See graph.lim
BÄ"

=38 # B

B "

a b1
# œ Þ1

The previous methods will not work if the denominator is zero.

eg 42  Consider This limit is of the form . Since the derivative of thelim
BÄ"

B #B"
68 B B"

#a b Þ !Î!

denominator is zero near , the tangent line approximation fails.B œ "

L'Hopital's Rule
Suppose   is of the form or     were can be zero orlim lim lim

BÄB BÄB BÄB

0 B 0 B 0 B

1 B 1 B 1 B
! ! !

w

w

a b a b a ba b a b a b!Î! _Î_ß œ œ P P

infinity and  can be replaced by or Note: L'Hopital's Rule can be applied as manyB B B Þ!

!


!
 

times as needed.

Indeterminate Quotients , !Î! _Î_

eg 43           lim lim lim
BÄ" BÄ" BÄ"

=38 # B 68 B

B " B" 68 B B"
B #B"a b a b a b1

#

#

œ à œ "à Þ1

eg 44    ;   lim lim
BÄ! BÄ"

>+8 B B

B $ 68 B B"
" B #B"a b a b$

#

œ œ  #

eg 45          lim lim lim
BÄ_

/ / "
B 2 BBÄ! BÄ!

=38 BB 2

œ _à œ !à œ "
a b

Other Quotients
eg 46             lim lim lim

BÄ! BÄ_
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