Calculus II

1.
An exponential function f(x) has the values in the next table.  Give formulas for the function and its x-derivative.

	x
	0
	1
	2
	3
	4

	f(x)
	5
	15
	45
	135
	405


Ans: f(x) = 5(3)x, f’(x) =5(3)xln3
2.
An initial deposit of $3000 is made in a savings account that pays 9.6% annual interest compounded monthly.  No other deposits or withdrawals are made.  How much is in the account after 4 years?  Ans: $4397.71
3.
What are 
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4.
In an exponential model of atmospheric pressure, it is assumed that the air pressure is 1035 grams per square centimeter on the surface of the earth and is halved for every 5.2 kilometers of vertical ascent. 

(a)
Give a formula for air pressure p(h) (grams per square centimeter) with this model as a function of height h (kilometers) above the earth.         Ans: 
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(b)
What is
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5.
If a population that grows exponentially is 500 initially and doubles every three years, at what rate is it growing after t years? Ans: 
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6.
A population was 2000 at the beginning of 1980 and increased 1.5% every month.  What was its relative rate of change with respect to time, measured in years? Ans: 
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7.
The number of bacteria in a culture grows exponentially.  At 12 PM there are 1000 bacteria in the culture and at 5PM there are 1500.  When are there 2250 bacteria in the culture? Ans: 10PM
8.
A man has 10 milligrams of lead per liter in his blood from breathing polluted air.  His body eliminates the lead with a half-life of approximately 16 days.  If the half-life is exactly 16 days and the man is not exposed to more lead pollution, what is the lead concentration in his blood and how rapidly is it decaying 48 days later? Ans: 5/4 mg, - 5/64ln2 mg/day
9.
The number of bacteria in a test tube triples every 10 hours.  How many were there and at what rate were they increasing initially if 20 hours later there were 9000 bacteria in the test tube?

Ans: 1000, 100ln3 bacteria/hr

10.
Do you earn more each year with a five-year savings certificate that pays 12% annual interest compounded quarterly or with one that pays 12.5% annual interest compounded annually? Ans: quarterly
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11.
(a)
What rate of simple interest has the same yield after one year as 5% compounded continuously?  Ans: 
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(b)
What rate of simple interest has the same yield after ten years as 5% compounded continuously?   Ans: 
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12.
Lava contains Uranium 238 (238U), with a half-life of 4.5 billion years, is constantly decomposing into lead-206 (206Pb).  In a volcanic eruption, the lead is removed from the lava, leaving pure uranium.  If a sample of lava has one molecule of 206Pb for each 99 molecules of 238U, when did the volcanic eruption that formed it occur? Ans: 65.2 million yrs.
13.
Give an equation of the tangent line to y = 2 + e–(x–3)2 at x = 3.  Use the formulas to explain why the curve is below the tangent line for
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14.
(a)
Use properties of x3 and of exto find 
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Ans: ∞, 0

(b)
Give an equation of the tangent line to y = ex3 at x = 0.  Generate the curve and the tangent line as a partial check of your answers. Ans:  y = 1
15.
Give an equation of the tangent line to y = 3 + 2x – ex at its highest point.


Ans: y=1+2 ln2
16.
(a)
What is the global minimum of ex – 5x? Ans: y = ln5

(b)
Give the equation of the tangent line to y = ex – 5x that has slope 1.



Ans: y=x-6ln6+6
17.
What are the exact maximum and minimum values of x2ex for
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Ans: y(0)=0, y(1) = e
18.
Give an equation of the tangent line to y = xe–x at its inflection point.

Ans: y = - e-2 x+ 4 e-2
19.
What is the x-derivative of e–2Z at x = 0 if Z = Z(x) such that Z(0) = 3 and 
[image: image15.wmf]  

dZ

dx

(

0

)

 = –1?


Ans: 2 e - 6
20.
Which rectangle with its base on the x-axis and upper corners on y = e–x2 has maximum area?  Give its exact area.    Ans:
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21.
Find an equation of the tangent line to y = 1n x + 1/x at its inflection point.


Ans: y = ln2 +x/4
22.
Where is y = ex – 1n x concave up and where is it concave down?  Justify your answer.


Ans: c-up x>0.
23.
What are the exact maximum and minimum values of (1n x) 2 for
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Ans:  y(0) = y(0.1) = (ln10)2, y(1)=0
24.
What are the maximum and minimum values of
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Ans: y(e2) = 2/e, y(1) = 0
25.
Based on the formula D = 20 log 10(500P) for the decibel level of a sound in terms of the variation P in air pressure caused by the sound, how rapidly is the decibel level of a scream increasing when the variation in air pressure from the scream is 10–4 pounds per square inch and is increasing 10–3 pounds per square inch per second? Ans: 200/ln10 db/s.
26.
Based on the definition –log10[H+] of pH as a function of the concentration [H+] of hydrogen ions in a solution, how rapidly is the hydrogen-ion concentration rising or falling in a solution in which the pH is 8 units and is rising 0.1 units per hour? Ans: -10-9 ln 10
27.
(a)
Find the constant n such that y = (1n x)n has an inflection point at x = e2. Ans: n =3

(b)
Where is the other inflection point of the curve in part (a)? Ans: x =1
28.
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Ans:     
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30.
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Ans:     
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31.
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32.
What is 
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33.
(a)
Express 
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 in Figure 1 in terms of h.         Ans: 
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(b) What is 
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Ans: 
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Figure 1

34.
A right triangle has a hypotenuse of fixed length 10 feet and one of its acute angles is
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.  Give the rates of change with respect to 
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35.
The top of a 13-foot-long ladder is sliding down a tall vertical wall while its base is sliding away from the wall along the horizontal ground.  When the base of the ladder is five feet from the wall, it is moving away from the wall at the rate of two feet per second.


(a)
What is the angle between the ground and the ladder at that time? Ans: 
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(b)
At what rate is the angle decreasing at that moment? Ans: – 1/6 rad/s.
36.
A five-meter-tall vertical post casts a shadow on the horizontal ground.  What is the rate of change of the length of the shadow with respect to the angle x between the sun’s rays and the ground when the angle is 0.8 radians? Ans: – csc2 (0.8) m/rad.
37.
An airplane is flying at an altitude of 400 feet and the speed of 200 feet per second directly away from a searchlight on the ground.  At what rate is the angle between the ray of light and ground changing when the angle is 30˚?  Ans: – 1/8 rad/s.
38.
A man is watching a helium balloon rise vertically over his daughter's head. She released the balloon from a point 5 feet above the ground and it rises at the constant rate of 3 feet per second. Her father is 30 feet from her and his eyes are 5 feet above the ground. Give a formula for the rate of change with respect to time of the angle between his line of sight and the horizontal as a function of the time (seconds) since the release of the balloon. Ans: 
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39.
An aviarist is watching a bird that is flying directly south from the aviary at a constant height of


100 feet above the aviarist's eye level. When the aviarist's line of vision makes an angle of 
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 radians with the horizontal, the angle is decreasing at the rate of 
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 radians per second. How fast is the bird flying at that moment? Ans: 100/3 ft/s
40.
A lighthouse is 2 miles offshore and 3 miles down the straight shoreline from a farmhouse. The light from the lighthouse shining on the farmhouse passes it at the rate of 1 mile per second. How many seconds does it take for the light to make a complete revolution if it turns at a constant rate? Ans: 13
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 sec/rev.
41.
A searchlight in a lighthouse 15 miles off a straight shore is turning at the rate of 2 revolutions per minute. At what speed does the beam of light pass a point 20 miles down the shore from the lighthouse? Ans: 500 
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42.
What is 
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43.
The town of Jalapeño is 20 kilometers north-northeast of the town of Anacho, and the town of Habanero is 30 kilometers southwest of Anacho.  How far is it from Habanero to Jalapeño?


Ans: 
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44.
What is the angle 
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 in Figure 2?   Ans:  
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Figure 2

45.
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46.
Sketch the region bounded by the x-axis, by the lines x = –3 and x = 3, and by the graph
y = (x2 + 1)–1.  Then find the exact area of the region.  Ans: 2 tan-13
47.
Find the value of the parameter a > 0 such that the area between y = 
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48.
Give formulas for the antiderivatives  of (a)
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49.
Find the antiderivative f(x) of x e–x2 such that 
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50.
Choose k so that
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51.
Find the exact value of the constant ‘a’ such that the region lying between y = ex and the x-axis for 
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52.
An object that is at s = 10 (feet) on an s-axis has zero velocity at t = 0 (seconds) has acceleration t / (1 + t2)2 feet per second2 in the positive direction at time t. Give its position as a function of t.


Ans: 
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53.
Choose k so that
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54.
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55.
A man is trying to drive his car at a constant velocity, but because of a badly tuned engine his acceleration is 100 cos (100 t) miles per hour2 at time t (hours).  At t = 0 his velocity is 55 miles per hour.  (a) What are the maximum and minimum velocities?  (b) How far does he travel in the period
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56.
Find 
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Ans: 1/6
57.
Find (a) 
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58.
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59.
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 Ans: 0
60.
Use L’Hopital’s Rule and the first derivative to analyze and sketch the graph of y = x 1n x.


Ans:  
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61.
When the region bounded by y = x5/2 and y = k2
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with positive constant k is rotated about the 
x-axis, it generates a solid volume
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62.
Show that the region bounded by y = 
[image: image90.wmf]  

1

4

x

2

 and y = 2
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 generates a solid of the same volume whether it is rotated about the x-axis or about the y-axis. Ans: 96
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63.
What is the volume of the solid generated by rotating the region between y = 
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64.
When a right circular cone is cut on a straight line from a point on the base to the vertex, it can be flattened into segment of a circle.  Use this fact to derive the formula 
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 for the surface area of a right circular cone whose base has radius r and whose slant height is s.

65.
Use the result of Problem 64 to derive the formula
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for the surface area of the frustum in Figure 3 with outer radius r1, inner radius r2, and slant height s1 – s2.

Figure 3
66.
Find the area of the region bounded by the x-axis, the line x = 11, and the curve y = 1nx.


Ans: 11ln(11)-10
67.
The region R is bounded by the curves x = 1, y = e3 and y = ex.  Compute the volume of the solid generated by rotating R about the y-axis. Ans: 4
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68.
Compute the volume of the solid generated by rotating the region between y= ln x and the x-axis for 
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69.
Find a formula for 
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70.
Give the exact value of the number b with 0 < b < 1 such that
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71.
What is the area of the region bounded by the x-axis, the curve y =
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Ans: 3 tan-13
72.
When the region between y = 
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 is rotated about the y-axis it generates a solid in the shape of a curved cone.  What is its volume? Ans: 
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73.
What is the average value of 
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?  Ans: ln (286)/10
74.
What is the volume of the solid generated when the region bounded by y = (1 – x2)1/4 and the 
x-axis is rotated about the x-axis? Ans: 
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75.
What is the area of the region between y = 
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76.
What is the average value of x3(1 – x2)3/2 for
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77.
What is the exact area of the region bounded by the hyperbola y2 = x2 + 1 and the line y = 2?


Ans: 
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78.
An object moving on an s-axis has velocity 
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 yards per hour in the positive s-direction for all time t (hours).  At t = 0 it is at s = 5 (yards).  Give a formula for its s-coordinate as a function of t. Ans: 
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79.
The acceleration in the positive direction of an object moving on an s-axis it t2e–t meters per second2 for all time t (seconds).  At t = 0 it is at s = 10 (meters) and its velocity in the positive direction is one meter per second.  Give a formula for its s-coordinate as a function of t.


Ans: 
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80.
Find the volumes of the solids that are generated when the region bounded by y = 1nx, y = 2, and the x-axis is rotated (a) about the x-axis and (b) about the y-axis. Ans: 
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81.
What is the volume of the solid that is generated when the region between y = 
[image: image121.wmf]  

1

x

2

+

1

 and the 
x-axis for 
[image: image122.wmf]  

–

1

£

x

£

1

 is rotated about the x-axis? Ans: 
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82.
What is the area between y = 
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83.
Find the area of the region bounded by y = tan–1x, y = 
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 and the y-axis. Ans: ln(2)/2
84.
Figure 4 shows the approximate distribution y(x) (students per score) of the scores on an exam taken by 30,000 students.  Approximately how many students received scores x with
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Figure 4

85.
The table below gives the distribution by age of deaths of U.S. residents in 1990, divided into four age groups.  Based on this data, (a) how many U.S. residents under 100 died in 1990 and 
(b) what percent of those under 100 who died were less than 25 years old?

	Age
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	Deaths per year
	3,600
	8,200
	31,600
	42,600


86.
The function in Figure 5 gives the distribution by date of the average number of tornados recorded in the U.S. from 1950 through 1982, with t = 0 on January 1 and t measured in months.  


(a)
Is n(t) a density function or a cumulative distribution for the average number of tornados?


(b)
What does the integral 
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(c)
What was the approximate total number of tornados during the month of June in all 33 years from 1950 through 1982?
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Figure 5

87.
Figure 6 shows results from a large diet study in Framingham, Massachusetts.  The functions PW(c) and PW(c) give the distribution of women and men with respect to their daily Calorie intake.  


(a)
What does 
[image: image135.wmf]  
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 represent and what is its approximate value?


(b)
Approximately what percent of the women had Calorie intake between 2000 and 2001 Calories?
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88.
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89.
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90.
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91.
Evaluate 
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Ans: 
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92.
Suppose that
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is defined?  Ans: 
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93.
Sketch the region between y = 
[image: image152.wmf]  
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 and y = 
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 + 5/x2 for 
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 and find its area. Ans: 5 sq. units.
94.
What is the area of the region between y = 
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95.
What is the area of the region between the graph of tan x and the x-axis for
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Ans: 
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96.
If we take the radius of the earth to be 4000 miles, then the force of the earth’s gravity on a rocket ship that weighs 1000 pounds on the surface of the earth is 16r–2 thousand pounds when the ship is r thousand miles above the center of the earth (r 
[image: image160.wmf]  
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 4).  In order for the ship to escape the earth’s gravity (i.e., for it to be lifted an infinite distance above the earth), its engines must do 
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 thousand mile-pounds of work against the earth’s gravity.  What is the value of this integral? Ans: 4,000 mile-pounds
97.
Find k > 0 such that the area of the region between y = 
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Ans: k =5
98.
Find two values of the number k such that
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.  Give a geometric explanation of why there are two answers. Ans: 
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99.
For what values of k does 
[image: image167.wmf]  

1

n

x

x

k

 

dx 

1

¥

ò

 converge and for what values does it diverge to
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[image: image169.wmf](

)

2

1

1

k

-

 for k>1; diverges  
[image: image170.wmf]1

k

£


100.
For what values of k does 
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xk ln(x) dx converge and for what values does it diverge to
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101.
If a rubber band exerts a force of 50s dynes when it is stretched s centimeters, how much fork 
must be done against it to stretch it 10 centimeters? Ans: 2500ergs
102.
A spring as in Figure 7 exerts a force of –k s Newtons toward the right when it is stretched s meters.  Its natural length is one meter, and it requires 3 joules of work against the spring to stretch it from a length of 1.2 meters to a length of 1.4 meters.  What is the constant k? Ans: 50
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Figure 7

103.
When a spring that satisfies Hooke’s law is stretched 10 centimeters beyond its natural length, it exerts a force of 500 dynes.  What work against the spring is required to compress it 8 centimeters from its natural length? Ans: 1600 ergs.
104. A 40-foot-long chain weighing 5 pounds per foot is held by one end at the edge of a 60-foot-high roof.   How much work must be done against gravity to pull the chain onto the roof? 


Ans: 400 ft-lb
105.
What are the increases in the potential energy due to gravity of (a) a ten-pound box that is lifted 500 feet, (b) a cat with a mass of 5 kilograms that climbs 3 meters down a telephone pole, and (c) a mouse with a mass of 25 grams that climbs up a 210-centimeter-high clock and then back down again?  Ans: 5000 ft-lb, -147J, 0 dynes
106.
An eight-pound ball that is initially at rest is lifted straight up in the air by an upward force equal to 
[image: image177.wmf]  
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 pounds when the ball has been lifted s feet.  What is the ball’s velocity after it has been lifted 25 feet if 200 foot-pounds of work is done against air resistance in the motion?     Ans: 10
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107.
A vertical plate with its top 3 feet beneath the surface of a lake has the shape of an isosceles trapezoid 10 feet wide at the top, 6 feet wide at the bottom, and 3 feet high.  What is the force of water pressure on each side of the plate?  (Use 62.4 pounds per cubic foot as the density of water.) Ans: 6552 lb.
108.
A locomotive diesel engine supplies a force Of 400s1/2 pounds when the train has traveled s feet.  How much work does the engine do on the train to move it 3600 feet? Ans: 57,600,000 ft-lb
109.
A woman pushing her stalled car exerts a force of 200(1 + s)–1/2 Newtons on it when she has pushed it s meters.  The engine starts and she stops pushing it when she has pushed 24 meters.  How much work does she do pushing the car? Ans: 1600 J
110.
A boy rolling a large boulder exerts 10 + 5 sin s pounds of force on it when he has rolled it s feet.  How much work does he do in rolling it 30 feet? Ans: 305-5cos(30) ft-lb
111.
An accelerating car’s engine exerts a force of 
[image: image179.wmf]  
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 Newtons on it after the car has traveled s meters.  How much work does the engine do on the car in the first 800 meters?                        Ans: 
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112.
The repulsive force between two negatively-charged particles is equal to a constant divided by the square of the distance between them (Coulomb’s law).  Two negative charges exert a repulsive force of 2 dynes on each other when they are 10 centimeters apart.  How much work against the force is required to move one of them from a distance of 10 centimeters to a distance of 5 centimeters from the other? Ans: 20 dyne-cm
113.
The force of gravity on a meteorite that would weigh 1 pound on the surface of the earth is
(16 x 106)s–2 pounds when it is s miles from the center of the earth.  How much work does gravity do on such a meteorite as it falls from 96,000 miles above the earth to 1000 miles above the earth?  (Take 4000 miles as the radius of the earth.) Ans: 3040 mile-lb
114.
A spring exerts a force of 6 pounds when it is stretched from its natural length of 15 inches to a length of 16 inches.  How much work against the spring is required to compress it from a length of 14 inches to a length of 12 inches? Ans: 24 in-lb
115.
A spring with a natural length of 10 feet exerts a force of 12 pounds when it is stretched to 
12 feet.  How much work against the spring does it take to stretch it from its natural length to a length of 14 feet? Ans: 48 ft-lb
116.
It takes 6 ergs of work against a spring to compress it 2 centimeters from its natural length.  What force does the spring exert when it is compressed 2 centimeters? Ans: 6 dynes
117.
A spring with a natural length of 4 meters exerts a force of 0.4 Newtons when it is compressed to a length of 3.8 meters.  What is the increase in the potential energy due to the spring of an object at the end of it when the spring is stretched from a length of 3.8 meters to a length of 4.3 meters?


Ans: 0.05J
118.
A five-pound monkey climbs a 50-foot-long dangling rope that weighs a half pound per foot. How much work does the monkey do against gravity? Ans: 250 ft-lb
119.
The potential energy due to a spring of an object at the end of the spring increases 20 foot-pounds when the spring is stretched from its natural length of 6 feet to a length of 6.5 feet.  What force does the spring exert when its length is 6.5 feet? Ans: -80 lb
120.
The force of air resistance on a small car is 0.63v2 Newtons when the car is traveling v meters per second.  How much work must be done by the car against air resistance in traveling 1000 meters if its velocity is 
[image: image181.wmf]  
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 meters per second when it has traveled s meters? Ans: 300,000J
121.
The weight of an object on the surface of the earth is the force of gravity exerted on it.  As the object is lifted from the surface of the earth, the force is equal to a constant times r–2 where r is the distance to the center of the earth (Newton’s law).  How much work against gravity does it take to lift a 100-pound satellite 300 miles above the surface of the earth?  (Use 4000 miles as the radius of the earth.) Ans: 27,907 mile/lb.
122.
A bag of sand is lifted at the constant rate of 2 feet per second for 10 seconds.  Initially the bag contains 100 pounds of sand, but the sand leaks out at the constant rate of 3 pounds per second.  How much work is done against gravity in lifting the bag? Ans: 1700 ft-lb
123.
(a) How much work against gravity is required to pump the water out of a full hemispherical fish bowl of radius 1 foot to a point 3 feet above the top of the bowl?  (b) A one-tenth horsepower pump does 55 foot-pounds of work per second.  How long would it take to empty the fishbowl?  (The density of water is 62.4 pounds per cubic foot.) Ans: 140.4
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124.
A rectangular tank 3 feet wide, 6 feet long, and 4 feet deep contains 2 feet of linseed oil weighing 58.5 pounds per cubic foot on top of 2 feet of water weighing 62.4 pounds per cubic foot.  How much work must be done against gravity to pump both liquids to a pipe 10 feet above the top of the tank? Ans: 52,369.2ft-lb
125.
A 30-foot-long rope weighing 0.2 pounds per foot is hanging from a roof, and a 20-foot-long chain weighing 3 pounds per foot is hanging from the end of the rope.  How much work must be done against gravity to pull the rope and chain up to the roof? Ans: 2490 ft-lb
126.
Sand leaks out of a bag at a constant rate.  If the bag is lifted, at the constant rate of 3 feet per minute for 6 minutes, the amount of sand in the bag decreases from 500 pounds to 250 pounds.  How much work is done against gravity lifting the bag? Ans: 6750 ft-lb
127.
It requires 180 foot-pounds of work to lift an eight-pound ball ten feet and increase its upward velocity from 8 feet per second to 24 feet per second.  What are the increases in the ball’s potential and kinetic energy and how much energy is lost due to air resistance? Ans: 36 ft-lb
128.
A 4-pound weight that has an initial upward velocity of 5 feet per second is lifted 12 feet.  The total work done on it by the upward force is 200 foot-pounds, of which 50 foot-pounds of work is done against air resistance.  What is the weight’s final velocity? Ans:
[image: image184.wmf]1657


129.
The top of a trough is 10 feet long and 4 feet wide.  The ends are vertical equilateral triangles with a vertex pointing downward.  What is the total force on one end of the trough when it was full of water? Ans: 499.2 lb
130.
A pool is 20 yards long, 8 yards wide and 4 yards deep.  What is the total force on the four (rectangular) sides and the bottom when it is full of water? Ans: 754,790 lb; 1,833,062 lb
131.
The back of a rowboat is a vertical trapezoid which is 2 feet high, 4 feet wide at the bottom, and 6 feet wide at the top.  What is the total force of the water on the back of the boat when the bottom of the boat is 1 foot beneath the surface of the water? Ans: 135.2 lb 
132.
An open cylindrical can with radius 4 inches and height 10 inches is full of paint weighing 110 pounds per cubic foot.  (a) What is the force of the paint on the bottom of the can?  (b) What is the force on the side? Ans: 
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133.
One side of a plate in the shape of an equilateral triangle is resting on the bottom of a pool 20 feet deep.  The tip is resting on the side of the pool so that the plate makes an angle of 45° with the vertical.  Each side of the plate is 1 foot long.  What is the force of the water on one side of the plate? Ans: 534.88 lb
134.
What is the force of the water on one side of a vertical semicircular disk of radius 2 feet whose flat edge lies along the surface of the water? Ans: 332.8 lb
135.
A plate bounded by the curve y = x2/3 and the line y = 1 is submerged in benzene of density 0.879 grams per cubic centimeter.  The plate forms an angle of 30° with the surface of the liquid and its straight edge lies along the surface.  What is the force on each side of the plate?                      Ans: 
[image: image186.wmf]4(.879)
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136.
A plate in the shape of an isosceles right triangle with a 10-foot-long hypotenuse is suspended in water at its right angle with its hypotenuse 15 feet below the surface.  What is the force of water pressure on each side of it? Ans: 20,800 lb
137.
A square swimming pool is 20 meters wide and its bottom is a slanted rectangle.  The pool is one meter deep at one end and three meters deep at the other end.  What is the force on the bottom of the pool when it is full of water weighing 9800 Newtons per cubic meter? Ans: 784,000
[image: image187.wmf]101
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138.
(a)
For what values of x is 
[image: image188.wmf]  
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 defined? Ans: x > 0 2 sinh (x)

(b)
Find its antiderivatives.
Ans: 2 sinh (x)
139.
Derive formulas for the derivatives of coth x, sech x, and csch x.

140.
When a cable of uniform density is hung from the two points in Figure 8, it takes the shape of the CATENARY, y = cosh x + 1.  How long is the cable?  Give the exact and approximate decimal values. Ans: 2 sinh(2)
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Figure 8

141.
When the Catenary y = cosh x for 
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 is rotated about the x-axis, it generates a surface called a CATENOID, which has the least area of all surfaces generate by curves having the same endoints.  What is its area?  Ans: 
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142.
Show that the global minimum of y=sinh x + 2 cosh x is y =
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.  Generate the graph to guide your reasoning. Ans: 
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143.
Find the antiderivative of x sinh x that has the value 10 at x = 0. Ans: 
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144.
Each of problems (A) through (D) below leads to a differential equation for the function y(t).  Match the four problems to differential equations (I) through ((IV) that follow.


(a)
The thickness of the ice on a lake grows at a rate that is proportional to the reciprocal of its thickness.  Find the thickness y (t) as a function of the time t.


(b)
A population grows at a rate proportional to its size.  Find the population y(t) as a function of the time t.


(c)
A hot potato is taken out of the oven at time t = 0 into a kitchen that is at 20° Celsius.  The rate of change of the potato’s temperature is proportional to the difference between its temperature and that of the kitchen.  Find the temperature y(t) of the potato as a function of t.


(d)
Find a function y(t) whose rate of change with respect to t is –2t. Ans: II,I,IV,III


(I)
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145.
Figure 9 shows the slope field for the differential equation
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.   Draw the approximate graph of the solution which satisfies the initial condition y(0) = 1.
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Figure 9

146.
Figure 10 shows the slope field for
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.   Draw the approximate graph of the solution which satisfies the initial condition y(0) = 2.
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Figure 10

147.
The relative rate of growth of a culture of bacteria is the constant 0.03 day-1.  The mass of the culture is two grams initially.  What is its mass one week later? Ans: 
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148.
The rate of increase of the number of flies in a colony is proportional to the number in the colony and the number increases by 50% every two weeks.  What is the constant of proportionality?


Ans: ln(1.5)/2
149.
What is y(40) if y(0) = 200 and the relative rate of decrease of y(t) is 0.25 per year, with t measured in years?  Ans: 
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150.
What is P(t) for t 
[image: image207.wmf]  
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 100, with t measured in months, if P(100) = 1000 and the percentage rate of increase of P(t) is 5% per month? Ans: 
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151.
If the buying power B(t) of a currency decreases at the rate 0.05B(t) at time t (years), how long does it take for B(t) to be cut in half? Ans: 20 ln(2) yrs.
152.
The air pressure P(y) (kilograms per square meter) at an altitude of y kilometers above the surface of the earth satisfies 
[image: image209.wmf]  
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 = –0.12P.  The air pressure at the surface of the earth is 104 kilograms per square meter.  What is it at an altitude of 10 kilometers? Ans: 104e-1.2 kg/m2.
153.
A leaky bucket contains water to a depth of 10 inches at time t = 0 (second).  The depth decreases at the rate 
[image: image210.wmf]  
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h when it is h inches deep.  How long does it take for the depth to reduce to 1 inch? Ans: 3ln(10) sec.
154. The population of the United States was 4 million in 1790 and 249 million in 1990.  If the rate of   growth of the population had been always proportional to the population during the two-hundred years from 1790 to 1990, what would have been the constant of proportionality? 

Ans:   
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155.
Due to a curse imposed by a neighboring tribe, the members of a village are driven to murder each other.  The rate of change of the population is –2
[image: image212.wmf]  

P

 people per month when the population is P.  When the curse is made, the population is 1600.  When will there be only one person left in the village?  Ans: 39 mo.
156.
Due to periodic changes in the environment, the rate of change of the population P of a bacteria at time t (years) is (2 + sin t)P  bacteria per year.  The population is 100,000 at t = 0.  Give a formula for P(t) for t 
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157.
The moss on a hillside increases at the rate of 
[image: image215.wmf]  
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M pounds per month if there are M pounds of it present on April 1 and decreases at the same rate if there are M pounds present on October 1.  As a mathematical model of the growth and decline of the moss, it is assumed that the mass at time t satisfies
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, where t measured in months and t = 0 is at the beginning of the year.  Based on this model, how much moss will be on the hill at the beginning of October if there are 600 pounds on January 1? Ans:
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158.
A box at a temperature of 10°C is placed in water at the constant temperature 0°C.  The rate of change of the temperature of the box is proportional to the difference between its temperature and the temperature of the water.  The temperature of the box is falling at the rate of 7 degrees per minute when it is 4°C.  At what rate is the temperature falling when it is 1°C? 
Ans: -7/4 °C/min.
159.
An orange at a temperature of 50°F is placed in a room at a constant temperature of 70°F, and two minutes later its temperature is 60°F.  The rate of change of the temperature of the orange is proportional to the difference between its temperature and the temperature of the room.  What is its temperature five minutes after it is placed in the room? Ans: 
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160.
After a cake is removed from an oven at 300°F, the rate of change of its temperature is proportional to the difference between its temperature and the constant temperature 65°F of the room.  One minute later the temperature of the cake is 200°F.  How rapidly is it cooling off at that moment? Ans: 135ln(27/47)
161.
Match problems (A), (B), and (C) below with differential equations (I), (II), and (III) given after the problems.


(A)
v is the downward velocity, measured in meters per second, of a ball that is falling under the force of gravity but with no air resistance or other forces on it.  The time t is measured in seconds and the acceleration due to gravity is 9.8 meters per second2.


(B)
v is the downward velocity, measured in meters per second, of a suitcase that is falling under the force of gravity with air resistance that is proportional to its velocity.  The suitcase’s downward acceleration is zero when its downward velocity is 49 meters per second.  (This is called the EQUILIBRIUM VELOCITY because it is the velocity at which the upward force of air resistance equals the downward force of gravity.  It is also referred to as the TERMINAL VELOCITY because it is the limit of the suitcase’s velocity as 
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(C)
v is the downward velocity, measured in meters per second, of a rock that is falling under the force of gravity with air resistance that is proportional to its velocity.  Its equilibrium velocity is 98 meters per second.



(I)   
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Ans: I, III, II

162.
Match the differential equations in Question 161 to the slope fields in Figures 11 through 13.


Ans; III, II, I
163.
Find the solutions of the differential equations in Question 162 with the initial condition v(0) = 0, and draw their graphs with the corresponding slope fields.
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Figure 11
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Figure 13


164.
Match problems (D), (E), and (F) below with differential equations (IV), (V), and (VI) that follow.


(d)
v is the horizontal velocity, measured in miles per hour, of a model car whose acceleration, due to its faltering engine, oscillates between O and 90 miles per hour2.  There are no other forces on the car and time is measured in hours.


(e)
v is the horizontal velocity, measured in feet per minute, of a motor boat that has its engine turned off and is slowing down because of water and air resistance.  The resistance is proportional to the square of the boat’s velocity, and there are no other forces on it.  Time is measured in minutes.


(f)
v is the horizontal velocity, measured in miles per hour, of a truck whose engine exerts a constant force.  The truck is subject to air and rolling resistance that is proportional to its velocity.  Time is measured in hours.



(IV)   
[image: image226.wmf]  
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(VI)   
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Ans: V,VI, IV
165.
(Air resistance)


(a)
Solve the initial-value problem 
[image: image229.wmf]2
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dv

v

dt

=

, v(0) = 50 for an object of mass 1 that is moving in the positive direction, subject only to a force of air resistance –6v2, proportional to the square of its velocity. Ans: 
[image: image230.wmf]()1/(60.02)

vtt

=+



(b)
What is the object’s terminal velocity? Ans: 0
166.
(Orthogonal trajectories) Figure 14 shows four curves in the family y = cx4 and three of their orthogonal trajectories.  Find an equation with parameter C for all of the curves in the family of orthogonal trajectories. Ans: 
[image: image231.wmf]22
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Figure 14

167.
(Predator-prey) Find an equation relating the solutions x and y of the Lotka-Volterra differential equations,
[image: image233.wmf]  
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, under the assumption that x = 5 and y = 1 at one time. Ans: 
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168.
(Predator-prey) Give an equation relating x and y, where x(t) and y(t) are the solutions of the Lotka-Volterra differential equations, 
[image: image235.wmf]  
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 with the initial conditions x(0) = 2, y(0) = 2. Ans: 
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169.
(Population growth) A lake contains 400 fish at time t = 0 (months). Thereafter, the population increases at the rate of 
[image: image237.wmf]  

P

 fish per month when there are P fish in the lake. Give a formula for the number of fish in the lake as a function of t. Ans: 
[image: image238.wmf]2
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170.
(Orthogonal trajectories) Find the orthogonal trajectories of the family x2 – y2 = c of hyperbolas. Then draw three curves from each family in an xy-plane with equal scales on the axes. (Each hyperbola is the graph of two functions.) Ans: 
[image: image239.wmf]xyc
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171.
(Orthogonal trajectories) Find the orthogonal trajectories of the family x2 + 2y2 = c of ellipses. Then draw three curves from each family in an xy-plane with equal scales on the axes. (Each ellipse is the graph of two functions.) Ans: 
[image: image240.wmf]2
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172.
(Orthogonal trajectories) Find the orthogonal trajectories of the family y = c x3 of curves. Then draw three curves from each family in an xy-plane with equal scales on the axes. Ans:
[image: image241.wmf]22
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173.
(Orthogonal trajectories) Use the techniques of this section to show that the orthogonal trajectories of the lines through the origin are the circles centered at the origin.

174.
(Chemical reaction rates) The inversion of sucrose into glucose and fructose
C12H22O11 + H2O 
[image: image242.wmf]  

®

 HOCH2(CHOH)4CHO + HOCH2(CHOH)3COCH2OH is governed by the differential equation, 
[image: image243.wmf]  

d

dt

[C12H22O11] = – 5.7 x 10–5 [C12H22O11]. How long does it take for 75% of the sucrose in a solution to be inverted?  Ans: 
[image: image244.wmf]5
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175.
(Chemical Reaction Rates) The decomposition of acetaldehyde CH3CHO 
[image: image245.wmf]  

®

 CH4 + CO is governed by the differential equation, 
[image: image246.wmf]  

d

dt

 [CH4] = k [CH3CHO] 3/2. If [CH3CHO] is 0.01 mole per liter at t = 0, what is it for t > 0? Ans: 
[image: image247.wmf]2
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176.
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177.
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180.
(a)
Generate the graph of the first thirteen terms of 
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 in a suitable window and copy it on your paper.


(b)
Determine the most extensive intervals of integers where the sequence is increasing, nondecreasing, decreasing, and nonincreasing.


(c)
What are the least upper bound and greatest lower bound of the sequence?

181.
Find the limits of


(a)
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182.
A woman opens a new savings account and then deposits $5000 in it on January 1 each year for twenty years.  The account pays 8% annual interest compounded annually and she does not make any additional withdrawals or deposits.  On January 1 of the twentieth year she closes the account.  How much is in it at that time?
183.
For what values of the constant k does the infinite series 
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184.
Approximately how close is 
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201.
What is the third-degree Taylor Polynomial P3(x) of f (x) = 1 + 2x + 3x2 + 4x3 + 5x4 + 6x5 centered at x = 0 and how is it related to f (x)?

202.
(a)
Use the Taylor’s Theorem to estimate the error that is made when the fourth-degree Taylor Polynomial P4(x) of ex centered at x = 0 is used to approximate e0.5

(b)
What is the actual error?

203.
Which approximates e1/2 better, the value of the third-degree Taylor Polynomial of ex centered at x = 0 or the third-degree Taylor Polynomial of ex at x = 1?

204.
Give a formula in terms of the parameter k for the fourth-degree Taylor Polynomial of ekx centered at x = 0.

205.
Give a formula in terms of the positive parameter k for the fourth-degree Taylor Polynomial of ln(kx) centered at x = 1.

206.
Give a formula in terms of the nonzero parameter k for the third-degree Taylor Polynomial of 



[image: image275.wmf]x
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 centered at x = 0.

207.
Match the functions sin x, cos x, sinh x, cosh x, ex, 2x tan −1 x, and ln (1 + x) to the Taylor Polynomials below by comparing values and derivatives at x = 0


(a)
1 + x + 
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(g)
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208.
The fifth-degree Taylor Polynomial of f (x) centered at x = 0 is P5 (x) = x – 4x4 + 3x5.  Find 


a. 
[image: image284.wmf])
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b. 
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c. f( 4)(0)


d. f( 5)(0)?

209.
The sixth-degree Taylor Polynomial of g(x) centered at x = 5 is P6(x) = 10 – (x – 5)3 + 7(x – 5)4 – (x – 5)6.  What are


a.
g(5)


b.
g(3)(5)


c.
g(5)(5)


d.
g(6)(5)?

210.
Use the error representation in Taylor’s Theorem to determine whether the second-degree Taylor Polynomial P2(x) of f(x) = x2/3 centered at x = 1 is less than or greater than f(x) at x = 1.03.  Then verify your answer by calculating approximate decimal values of f(1.03) and P2(1.03).

211.
Use the error representation in Taylor’s Theorem to estimate the error when the fifth-degree Taylor Polynomial P5(x) of f(x) = sin x centered at x = 0 is used to approximate sin
[image: image286.wmf])
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.  Then verify your answer by calculating approximate decimal values of sin
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212.
A function f(x) that is equal to its MacLaurin series centered at x = 0 is such that f(0) = 1, 
[image: image289.wmf]2
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, and, in general, f(j) (0) – 5j for j = 0, 1, 2, 3,….Find the Taylor series for f(x) and determine its radius of convergence.

213.
A function f(x) that is equal to its MacLaurin series for all x is such that the value f(j) (0) at x = 0 of its jth derivative is j3 for j ≥ 0.  Give its MacLaurin series and use your calculator or computer to predict its value at x = 1.

214.
Give an equation of the parabola that is the locus of points equidistant from its focus (1, 1) and directrix y = 3.  Then draw the curve with the focus and directrix. Ans: 
[image: image290.wmf]2
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215.
Give an equation of the parabola passing through (0, −2) that has vertex (−1, 2) and axis y = 2.  Draw the curve with its focus and directrix. Ans: 
[image: image291.wmf]2
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216.
Sketch the parabola x2 + 6x − 2y + 5 = 0.  Show its focus and directrix. Ans: 
[image: image292.wmf]2
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217.
Sketch the ellipse 25x2 + 9y2 − 50x + 36y = 164 with its foci. Ans: 
[image: image293.wmf]22
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218.
Give an equation of the ellipse that has foci F1(0,2) and F2(4,2) and vertices V1(−1, 2) and 

V2 (5, 2).  Then sketch it with its foci. . Ans: 
[image: image294.wmf]22
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219.
Sketch the hyperbola x2​ – 9y2 – 4x – 18y = 14.  Show its foci and asymptotes.


Ans: 
[image: image295.wmf]22
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220.
Find equations for and draw the two parabolas with focus (0, 0) and axis y = 0 that pass through the point (3, 4).

221.
Find an equation for the parabola with axis x = 0 that passes through the points (1, 4) and (2, 7).


Ans: 
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222.
Find an equation for the hyperbola with foci (3, 0) and (–3, 0) and asymptotes y = 
[image: image297.wmf]±
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Ans: 
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223.
Find an equation for the hyperbola with foci (0, 5) and (0, –5) and asymptotes y =
[image: image299.wmf]x
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Ans: 
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224.
Find the area of the region inside the ellipse
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. Ans: 
[image: image302.wmf]ab
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225.
A headlight reflector has parabolic cross sections and a circular face.  The face has a radius of three inches and the reflector is three inches deep.  What is its volume? Ans: 
[image: image303.wmf]27/2
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226.
Find the volumes of the solids generated when the region bounded by the hyperbola y2 – x2 = 1 and by the lines x = 
[image: image304.wmf]±

1 is rotated


(a) about the x-axis   Ans: 
[image: image305.wmf]8/3
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(b) about the y-axis  Ans:  
[image: image306.wmf]4(81)/3
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227.
Prove that the ellipse 
[image: image307.wmf]2
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 = 1 and the hyperbola 
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 = 1 have the same foci and intersect at right angles.

228.
Use the discriminant to classify the conic sections


(a)
3x2– 4xy + y2 + 2x – y = 4 


Ans: D>0 Hyperbola

(b)
2x2 – 4xy + 2y2 + 3x + 5y = 10

Ans: D=0 Parabola

(c)
x2 + xy + y2 = 4



Ans: D<0 Ellipse
229.
Sketch and classify the degenerate conic sections


a.
x2 – 2xy + y2 = 0


b.
(x – 1)(y – 1) = 0

230.
What is the eccentricity of the ellipse
[image: image309.wmf]1
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?  Sketch it with its foci.


Ans: 
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231.
What is the eccentricity of the hyperbola x2 – y2 = 1?  Where are its foci?  What are its directrices?  Sketch the curve with the foci and directrices.


Ans; 
[image: image311.wmf]2
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232.
Find equations for and sketch the conic sections with foci at (–1, 0) and (1, 0) in an xy-plane with eccentricities


a.
e = 
[image: image312.wmf]3
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Ans: 
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b.
e = 3   




Ans: 
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c.
e = 
[image: image315.wmf]13
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[image: image316.wmf]2222

22

1212

1

135

xy

+=



d.
e = 
[image: image317.wmf]12
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Ans: 
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233.
Find the eccentricities of the conic sections


(a)
x2 + y2
= 1



Ans: 
[image: image319.wmf]0
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(b)
x2 + 9y2 = 1 



Ans: 
[image: image320.wmf]22/3
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(c)
x2 – 10y2 = 100


Ans: 
[image: image321.wmf]11/10
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(d)
4x2 + y2 = 36



Ans: 
[image: image322.wmf]3/2
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(e)
y = 97x2



Ans: 
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(f)
x2 – 25y2 = 100


Ans: 
[image: image324.wmf]26/5
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234.
Show that the conic sections with eccentricity 
[image: image325.wmf]2

are the rectangular hyperbolas (those with perpendicular asymptotes).

235.
Describe the degenerate conic section x2 + 
[image: image326.wmf]2
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– 2x – y + 2 = 0. Ans: point (1,2)
236.
The orbit of the earth is an ellipse of eccentricity 0.0167 with the sun at one focus, and with a major axis of length 185.8 million miles.  What are:


a.
the earth’s APHELION (farthest distance from the sun) Ans: 94.45 million miles

b.
the earth’s PERIHELION (closest distance from the sun? Ans: 91.35 million miles
237.
Find the area of the region bounded by the x- and y-axes and by the portion of the LOGARITHMIC SPIRAL r = 
[image: image327.wmf]q
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238.
Show that the curve with polar equation r = 
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with a positive constant k is an ellipse if


0 
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< 1, a parabola if e = 1, and a hyperbola if e > 1 by transforming the equation to rectangular coordinates and calculating its discriminant.

239.
Figure 25 shows the graph of r = 
[image: image332.wmf]sin(/3)
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. What is the smallest value of b such that the entire curve is traversed for 
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