Related Rates:

1) A balloon is inflated and its volume increases at a rate of 2 cm®/min. At what rate is the radius
of the balloon changing when the radius is 5 cm?

Solution:
. av 3, dr
Given: — = 2 cm” /min. Asked: — | =5
dt dt
4 av dr dr dr 1
SinceV =-mr3, — =4nr? —, so 2 = 4n5% —, or— = —cm/min.
3 ’odt dt’ dt’ dt 50 /

2) Gravel is being dumped from a conveyor belt and accumulates in a conical pile with radius
that is always 3 times its height. If gravel falls from the belt at a rate of 100ft>/min, how fast is
the height of the gravel pile changing when the pile is 10 ft. high? The volume of a cone is V =

gnrzh. Your answer should be exact (No decimals). Show units.

Solution:

Given:r = 3h, % = 100ft3/min. Asked: % lh=10

Since V=1/3 nir?h, we get V=3 th3.

av dh dh __ dh 1 :
So— = 9mwh? —, or 100 = 9110% —, 50 — |p=10 = — ft/min
at at at’ " at o



3) A 13-ft ladder is leaning against a vertical wall. If the foot of the ladder is pulled away at a rate of %
ft/s, how fast is the top of the ladder sliding when the lower end of the ladder is (a) 4 ft. from the wall?
(b) 5 ft. from the wall? (c) 6 ft. from the wall? Find the exact answer, and the answer rounded to 4
decimal places.

Solution:

Given: length=13ft., % = %ft/s. Asked: % lx=4,56

x?+y?=13%5s0 2x%+2y% =0 so% = _5%

D s = — st = = =~ —A617ft/5 ; 2|y = -t = — = ~ —.2083ft/s
dy 6 1

3
= T =2~ _2601ft/s
dt lx=6 V132 — 622 V133 1t/

4) A boat is pulled into a dock by a rope attached to the bow of the boat and passing through a
pulley on the dock that is 3 m higher than the bow of the boat. If the rope is pulled in at a rate of
2 m/s how fast is the boat approaching the dock when 5 m of rope are left to pull in? Your
answer should be exact (No decimals).

Solution:
. _ .4z _ . ax

Given:y = 3; e 2m/s Asked: " |z=5
. 2492 _ 2 ax —9,82  dx_zdz

Since x“ + 3¢ = z7°, Zxdt+0—22dt,sodt—xdt

dx 5 ) 5

— |5 = —=2 =—-m/s

dt |z=s V52 = 32 2 /



5) An inverted conical water tank with a height of 12 ft. and a radius of 6 ft. is drained through a hole in
the vertex at a rate of 2ft/s. What is the rate of change of the water depth when the water depth is 3 ft?

The volume of a cone is V' = gm‘zh. Your answer should be exact (No decimals). Show units.

_Outﬂow2ﬂ3ls ]
Solution:
Given: h = 12ft, r = 6ft, % = —2ft/s. Asked: %lh:S

Since V=1/3 rtr?h, by similar triangles, 6/r=12/h or r=h/2. Into V, we get V=1/3 iti(h/2)?h=1/12 rth3.

av 1 dh 1 dh dh 8
So—=-mh? — or—-2=-m9 —,s0 — = —— ft/s
dt 4 dt’ 4 dt’ dt 9nf/

6) A 13-ft ladder is leaning against a vertical wall. If the foot of the ladder is pulled away at a rate of %4
ft/s, at what rate is the angle of inclination 0 of the ladder with respect to the ground changing when
the lower end of the ladder is 5 ft from the wall?

Solution:

Given: length=13ft,

. x . de 1 dx . 12 1
Since cos @ =—,—sinf —=—— Atx=5,sinf=—, so———=—=,s0—=——rad/s
13 dt ~ 13dt 13



7) A hot air balloon rising straight up is tracked by a range finder 1501t from the lift up point. At
the moment the range finder’s elevation angle is /4, the angle is increasing at a rate of 0.14
rad/min. How fast is the balloon rising at that moment?
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Given: — lo=r/a = 0.14rad/min Asked: " lo=rc/4
2

since tan(8) = ==, sec?(8) 22 = =2, s0 at 6=n/4, V2 (0.14) = 2, or

dy .
= |0=n/a = 42ft/min

8) Two ships, A and B, leave port at noon. Ship A travels north at 6.00 mph, and ship B travels east at
8.00 mph. How fast are they separating at 2:00 pm?

Solution:
y z
X

e, 3% _ ay _ e
Given: i 8mph, i 6mph Asked: " |¢=2
. 2 .02 _ 2 ax ay _ ,,dz dz __xdx  ydy
Since x“ +y —Z,Zxdt+2ydt—22dt,odt iy e

dz 16 12 _16+8+12+%6

—|¢=3 = * 8+ *6 = = 10 mph
dt "= 7 V16Z + 122 V162 + 122 V162 + 122



9) A balloon rising straight up at a constant rate of 1ft/s. Just when the balloon is 65ft above the
ground, a bicycle moving at a rate of 17ft/s passes under it. How fast is the distance between the
“bicycle and the balloon increasing 3s later?

Solution

s()

b £, . dx t d ¢ ds
0 x(t) Given: — = 17f—, o4 = 1f_ Asked: — |t=3
dt s dt N dt

. dx ay ds ds xdx  ydy
Sincex2 +y2 =52, 2x =2 42y =252 o EZ=IZ YL
ty ! dt+ ydt dt’~ dt sdt sdt

ds| 17 % 3 17 + 65+ 3 1=11ft/
— oz = ———— % —_——x%x 1 = S
dt "= " V512 + 682 V512 + 682

10) A door that is 3 ft. wide is swinging shut at a rate of 2 radians /sec. Find the rate at which the
distance between the door Jamb and the end of the door’s free edge is changing when the door
has Pi/6 radians remaining through which to close. Your answer should be exact.

Solution:
0
3 3
z
. o .az
Given: e —2rad/s Asked: p” |9:n/6

Using the law of cosines, z? = 32 4+ 32 — 2 % 3 * 3cos(6), so 22% =2%3x 35in(9)2—f,

dz _
or —lo=nse =~
Sinceat9=n/6,22=32+32—2*3*3ﬁ, orz=3J2-v3 L=-2=__3_
2 dt z 2—/3
dz 3

—=————~—58ft/s
il 2-V3



11) A police cruiser, approaching a right-angle intersection from the north, is chasing a speeding
car that has turned the coroner and is now moving straight east. When the cruiser is 0.6 mi north
of the intersection and the car is 0.8 mi to the east, the police determine with radar that the
distance between them and the car is increasing at 20 mph. If the cruiser is moving at 60 mph at
the instant of measurement, what is the speed of the car?

Solution

Given: % = 20mph, % = —60mph,x = 0.8mi,y = 0.6mi Asked: % lx=08

dx zdz ydy

. dx ay dz
Since x?2 2 =72 2x—=4+2y—==27-—=,s0—==
Ty ’ dt+ ydt dt’ dt xdt xdt

dx V0.8Z ¥ 0.62 B
— _ = % —_—— % (— =
dc =06 08 0g " (700 mp

12) A 5 ft. tall woman walks 8ft/s towards a street light that is 20ft. above the ground. What is
the rate of change of the length of the shadow when she is 15 ft. from the street light? At what

rate the tip of her shadow moving?

20
5
Distance y Shadow x
. d t d dx | d
Given: 2 = —gZt Asked:—x|y=15, =42
dat s dat at = dt
. 5 20 d d d d 8 ft
Since = = —, 5y=15x or y=3x. D 3—x, or—8= 3—x, s0= = ——f—for anyy.
x x+y dt dt dt dt 3s

The tip of the shadow is moving at a rate of —(8+8/3)= -32/3 ft/s.



