
Algebraic Addition of Sinusoids With the Same Frequency

The sum of two sinusoids with the same frequency of the form
C œ R-9= ,> Q=38 ,> ß R Qa b a b where and  are real numbers, can be expressed
as where  and .C œ E=38 ,>  - E œ R Q >+8 - œa b a bÈ # R#

Q

Proof:
Given , if we let , and C œ R-9= ,> Q=38 ,> R œ E=38 - Q œ E-9= -a b a b a b a b
the expression becomes  = C œ E=38 - -9= ,> E-9= - =38 ,> E=38 ,>  -a b a b a b a b a b
(sine of sum of angles formula).
If we add the squares of and  we obtain  or  .R Q R R œ E E œ R Q# ## # #È
If we divide by  we obtain where the quadrant of  will be givenR Q >+8 - œ -a b R

Q

by the signs of and .R Q
We can find  the angle  by the signs of and  .- R Q
Since we are assuming , the sign of  is the same as sign of E  ! R =38 -a ba ba bR œ E=38 - Q and the sign of  is the same as the sign of
-9= - Q œ E-9= - R  ! =38 -  ! Q  !a ba b a ba b a b. Lets say  and a ba b-9= -  ! ß - is in the second quadrant. The quadrants for the other three
combinations of the signs of and  can be found the same way.R Q

eg. Express  as C œ #-9= $B  # $=38 $B E=38 ,B - Þa b a b a bÈ
E œ #  # $ œ %ß - œ >+8 Ð#Î# $ Ñ œ >+8 Ð"Î $ Ñ œ Î'ÞÊ Š ‹È È È#

#
" " 1

Since and  are positive, the angle is in the first quadrant, so the form isR Q
C œ %=38 $B Î'a b1

eg. Express  as C œ  -9= #B  $=38 #B E=38 ,B - Þa b a b a bÈ
E œ "  œ #ß - œ >+8 Ð  "Î $ Ñ œ >+8 Ð"Î $ Ñ œ Î'ÞÉ È È È#

#
" "3 1

Since and are negative, the angle is in the third quadrant, so the form isR Q
C œ #=38 #B ( Î' Þa b1

eg. Express  as C œ $-9= #BÎ&  $=38 #BÎ& E=38 ,B - Þa b a b a b
E œ $  $ œ $ #ß - œ >+8 Ð$Î  $ Ñ œ >+8 Ð  "Ñ œ  Î%ÞÈ È# # " " 1 Since
R œ E=38 - Q œ E-9= -a b a bis positive and  is negative, the angle is in the second
quadrant, so the form is  C œ $ #=38 #BÎ& $ Î%È a b1


