1. Determine whether the functions are linearly independent: x2, 22 + 1,
22 — 1.

2. If y; = € is a solution of 3y’ — 25y = 0, use the reduction of order
technique (formula) to find a second solution ys(z).

3. Solve y" — 3y + 2y = 0.
Solve y” — 10y/ + 25y = 0.
Solve the IVP 4% 44y =0, y (g) =0,y (g) = 2.
Solve ¢ + 2y’ = 2x + 5 — e~2® by undetermined coefficients.
Solve 3" + y = sec® z by variation of parameters.

Solve x2y" — Txy' + 41y = 0.
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1. Determine whether the functions are linearly independent: x2, 22 + 1,
2
e — 1.

2 241 x22—-1
W =|2x 2x 2z
2 2 2

Expanding along the first row,
W=2*2r-2-27-2)— (2*+1)(22-2—22-2) + (2* = 1)(22-2—21-2) =0
Thus, the functions are linearly dependent.

2. If y; = €°® is a solution of 3"’ — 25y = 0, use the reduction of order
technique (formula) to find a second solution y,(z).
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3. Solve y" — 3y + 2y = 0.

The auxiliary equation is m?> —3m +2=0som =1, 2 and y = C1e* +
OQ@QI.

4. Solve y" — 10y’ + 25y = 0.



The auxiliary equation is m? — 10m +25 = 0so m = 5, 5 and y =
Che> + Cyzed™.

5. Solve the IVP % +y=0,9 (%) =0,y (%) = 2.

The auxiliary equation is m?41 = 0 so m = 4i and y = C; cos §+C, sin 6.
Then, v/ = —Cysinf + Cy cos . Applying the initial conditions, we find

O:Clcosg—l—CQsing

2:—Clsing+02(:osg

so the system of equations is

alyal?

a4 ()

or
0 == Ol + \/§C2
2 - —\/501 + Cg
solving this system we find C} = —? and Cy = % So the solution is
3 1
Yy = —\2_ cosf + §sin9

6. Solve y" + 2y = 2z + 5 — e~2® by undetermined coefficients.

Solving 3”42y’ = 0 uses the auxiliary equation m?+2m = 0som = 0, —2
and y. = C + Cye™%". Assume y, = ax? + bz + cxe ?* (both the polynomial
and the exponential were multiplied by x since each had a term that appeared
in y.). Then y), = 2az + b+ ce™* — 2cze " and y" = 2a — dce™* + dcxe™ ™.
Substituting into the DE,

20 +5 — e 2 =2a — dee” ¥ + dexe™ ¥ + 2(2ax + b+ ce”F — 2cwe” )

2 +5 — e % = 2a 4 20 + dax — 2ce” %



from which we get the system of equations 2a+2b = 5, 4a = 2, and —2¢ = —1.

Solving this system gives a = %, b=2,and c = % SO Yp = %:1:2 +2x + %xe_h.

Thus, the solution is y = Cy + Coe " 4 322 + 22 + fxe "
7. Solve 3" 4+ y = sec? x by variation of parameters.

Solving y” +y = 0 has the auxiliary equation m? 4+ 1 = 0 so m = %7 and
Y. = Cycosz + Cysinz. Now, y; = cosz, yo = sinz, and f(z) = sec?z. So,
assuming v, = uiy; + uzyo,

cosT sinz 2 . 9
=cos“r+sin“x =1

v

—sinx cosx

0 sinx

9 = 0+sinzsec’ s = secxtanz
sec®xr Cosx

1 =

Cos T 0
2 pu— . pu— —_ pu—
W- 9 coswsec’ z — 0 = secx

—sinx sec’w
Now we have uj = Y1 = secztanz and u) = 72 = secz. Then integrating
gives

Uy = /secmtanx =secx

Uy = /secx = In |secx + tan x|

So it follows that = cosxsecx + sinxln|secx + tanz| = 1 + sinz +
p

In|secx + tanz|. Then the solution is

y=Cicosz+ Cysinz + 1 +sinzln|secr + tan x|

8. Solve z%y" — Txy’ + 41y = 0.

Letting = e’ we have dz = e'dt or &£ = e~" then

dy dydt — _,dy
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and substituting into the DE gives

2 d? d d
0=a%y/ —Tay +41y = (¢) (emy_e%y)_?et (ety>+41y

dt? dt dt
= % (N{Z‘qj — 62”;3) — 7‘55 + 41y
= ZZ/ — CC?Z — 7?; + 41y
= ZZ/ — 82'71 + 41y

so solving % —8% +41y = 0 we have the auxiliary equation m? —8m+41 = 0

which gives m = 4 & 5i. So, y = C1e* cos 5t + Cye*! sin 5t and substituting
t =Inz we have y = C1e*™% cos(5Inz) + Coe™*sin(5Inz) or

y = Cia*cos(5Inz) + Cox*sin(51n z)



